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ABSTRACT

Accurately simulating the non-Markovian dynamics of open quantum systems remains a significant challenge. While the recently proposed
time-evolving matrix product operator (TEMPO) algorithm based on path integrals successfully circumvents the exponential scaling associ-
ated with memory length, its reliance on layer-by-layer tensor contractions and compressions leads to steep scaling with respect to the system
Hilbert space dimension. In this work, we introduce the effective Hamiltonian-based TEMPO (EH-TEMPO) algorithm, which reformu-
lates the calculation of the Feynman-Vernon influence functional as an imaginary time evolution governed by an effective Hamiltonian. We
demonstrate that this effective Hamiltonian admits a highly compact matrix product operator representation, enabling substantial compres-
sion with negligible loss of accuracy. Combining a one-shot global evolution with a backward retrieval approach, EH-TEMPO significantly
reduces algorithmic complexity and is naturally suited for GPU acceleration. We benchmark the method by simulating the energy transfer
dynamics in the 7-site Fenna—Matthews-Olson complex model and 4-site perylene bisimide model. The results demonstrate that EH-TEMPO
achieves numerically exact accuracy with superior efficiency, delivering speedups of up to 17.5x on GPU hardware compared to standard CPU
implementations.
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I. INTRODUCTION

The study of quantum dynamics in condensed-phase systems"”
is central to understanding a wide range of physical and chemical
phenomena, including carrier transport in organic semiconduc-
tors and excitation energy transfer in photosynthetic complexes. In
these systems, the phonon environment affects the electron dynam-
ics through electron-phonon interactions, inducing decoherence
and energy dissipation that ultimately govern the overall functional
properties.”

Various approaches have been developed to simulate such
electron-phonon coupled dynamics.” The first category treats the
composite system, which comprises both electronic and phononic
degrees of freedom, as a closed quantum system by explicitly
propagating the full wavefunction according to the Schrodinger

equation. Prominent examples include the time-dependent den-
sity matrix renormalization group (TD-DMRG), " tree tensor net-
work states (TTNS),”"” and the multilayer multi-configuration
time-dependent Hartree (ML-MCTDH) approach.'"'” While these
methods are highly accurate and robust across broad parameter
regimes, their computational cost increases rapidly with the number
of bath modes, often rendering long-time simulations of realis-
tic condensed-phase problems prohibitively expensive. The sec-
ond category focuses on the reduced dynamics of the system of
interest by tracing out the phononic degrees of freedom. This
includes perturbative approaches based on quantum master equa-
tions, such as the Lindblad'”'* and Redfield equations,'”'® which
commonly invoke the Markov approximation. However, capturing
non-Markovian memory effects, which are essential in many chem-
ical systems, requires numerically exact methods. The most notable
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among these are the hierarchical equations of motion (HEOM),'"'*

non-Markovian quantum state diffusion (NMQSD),"””" and the
quasi-adiabatic propagator path integral (QuAPI).*"*

QuAPI, originally developed by Makri and coworkers, can, in
principle, fully retain non-Markovian effects and handle arbltrary
bath spectral densities at both zero and finite temperatures.”'
While the QuAPI algorithm scales exponentially with memory time,
various techniques have been developed to significantly improve
its efficiency in specific parameter regimes, such as path filter-
ing,”” blip decomposition,”® and coarse graining.”” Notably, Makri
and coworkers introduced the small matrix path integral (SMatPI)
algorithm,” which offers an efficient strategy to overcome the
exponential memory storage scaling of QuAPL. By recursively dis-
entangling the influence functional, SMatPI reduces the necessary
memory storage to a small set of fixed-size matrices whose dimen-
sions are equal to the square of system size. Another significant
breakthrough was achieved with the introduction of tensor network
(TN) algorithms to further enhance path integral methods.” "
Among them, the time-evolving matrix product operator (TEMPO)
algorithm proposed by Strathearn et al.”” combines the influence
functional formalism with TN techniques, specifically matrix prod-
uct states (MPS) and matrix product operators (MPO).?” It acts as
a powerful compression scheme for the exponentially large path
space. By expressing the influence functional as the contraction of
a two-dimensional TN and utilizing singular value decomposition
(SVD) algorithm, TEMPO can systematically compress the influ-
ence functional. In broad parameter regimes, this effectively reduces
the scaling with respect to memory length from exponential to poly-
nomial.”’ Intrinsically, this efficiency is tied to the compressibility
of the influence functional; for problems characterized by strong
system-bath coupling and long memory, capturing the strong tem-
poral correlations may still require a rapidly growing TN bond
dimension. Subsequent developments have significantly extended
the generality and capability of TEMPO, including reformulations
within the process tensor (PT) framework for multi-time correlation
functions,” extensions to general off-diagonal or non-commuting
system ~bath couplings,” " generalizations to equilibrium initial
states,>® and fermionic baths,” *! and combinations with other pow-
erful algorithms, such as SMatPI’*** and high-dimensional tensor
networks.*’

Despite these successes, the standard TEMPO algorithm still
faces significant challenges when applied to multi-state systems. A
key step in TEMPO is the iterative contraction and compression
of the layered MPOs representing the incremental influence func-
tional.”” In general, the bond dimension of MPOs grows quadrati-
cally with the system’s Hilbert space dimension d, making standard
SVD-based compression prohibitively expensive for multi-state sys-
tems, with computational costs scaling as O(d”) for tensor contrac-
tion and O(d*) for tensor decomposition. In addition, while the
analytical construction of a compact MPO for a single system-bath
coupling operator is well-documented in the literature,”” manually
constructing the MPO for general system-bath interactions remains
non-trivial and laborious. The existing automated MPO construc-
tion algorithms"* " are incompatible with the influence functional
form, which lacks a simple sum-of-products (SOP) structure. In
this work, we propose an effective Hamiltonian-based TEMPO
(EH-TEMPO) algorithm to address the scalability of (PT-)TEMPO
for multi-state systems. Instead of the standard layer-by-layer
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contraction and compression scheme, we derive the influence func-
tional via the imaginary time evolution of an effective Hamiltonian.
This reformulation offers three distinct advantages over the orig-
inal (PT-)TEMPO algorithm: (i) The effective Hamiltonian takes
an SOP form, enabling the use of automated MPO construction
algorithms to generate optimal MPO representations for general
system-bath couplings with minimal bond dimensions. (ii) Well-
established time evolution algorithms, such as those based on the
time-dependent variational principle (TDVP),"”** can be employed
to obtain the overall influence functional in a one-shot calculation
with relatively large imaginary time steps, replacing the costly layer-
by-layer heavy calculations. (iii) With TDVP-based time evolution
algorithms, the EH-TEMPO algorithm avoids decompositions of
large tensors, making it highly amenable to GPU acceleration.
We benchmark the EH-TEMPO algorithm by simulating excita-
tion energy transfer dynamics in the 7-site Fenna—-Matthews-Olson
(FMO) model and 4-site perylene bisimide (PBI) model. By com-
paring our results with those from the PT-TEMPO algorithm,
we demonstrate that EH-TEMPO provides accurate influence
functionals with superior computational efficiency for multi-state
systems.

The remainder of this paper is organized as follows. Section 11
briefly reviews the theoretical foundations of the QuAPI and
TEMPO algorithms and then details the proposed EH-TEMPO
algorithm. In Sec. III, we systematically analyze the accuracy and
efficiency of the EH-TEMPO method, comparing its performance
against standard benchmarks. Finally, conclusions are presented in
Sec. IV.

Il. METHODS
A. QUAPI and TEMPO algorithms

A generic system-bath coupled problem is described by the
total Hamiltonian,

H:H3+HB+H53, (1)
Hy=3 p,+ w% 0 0
I:ISB = Z Sn ® Z Cniéb (3)

n i

where Hs is the system Hamiltonian, Hp is the bath Hamiltonian,
and Hsp describes the system-bath interaction. In this work, we
restrict our consideration to diagonal system-bath coupling, for
which there exists a basis {|s)} that simultaneously diagonalizes
all operators S, with eigenvalues s. For notational conciseness, we
consider a single coupling term in Eq. (3) in the following and,
thus, omit the summation over n. The time evolution of the total
density matrix is given by p(t) = e #'p(0)e™’. We assume a factor-
ized initial condition at t = 0, p(0) = ps(0) ® p3', where the bath is
in thermal equilibrium. The extension to correlated thermal equi-
librium initial states has been discussed in Refs. 38, 49, and 50.
Applying the standard Trotter splitting of the short-time propaga-
tor e 2 to separate system and bath contributions, the reduced
density matrix ps(t) = Trg[p(t)] at time ¢t = N;At can be expressed
as a discretized path integral,
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4)
Here, s(f,sli, . ,sﬁl denote the discretized forward (+) and back-

ward (—) system paths. The system propagator G is given by the
product of short-time propagators,

ps(Nidt) = 37 (sg1ps(0)lsg) G(sp -

+ +
SN -1

Nr s .
G(s5>---»5%,) = [ (st le™ st Msicale™]se ), (5)
k=1

where Ho is the QuAPI-type shifted system Hamiltonian along
the adiabatic path.”” The environmental effects are encoded in the
Feynman-Vernon influence functional F, which accounts for non-
Markovian memory effects.’’ It should be noted that we do not
employ any memory truncation in the expressions and calculations
in Sec. 111; the full non-Markovian history is retained for the entire
propagation time. For a Gaussian bath with linear coupling, F takes
the analytical form,!

N

k
F(sth...osn) = [T T Iase(sioose), Ak=k—-K,
k=1 k'=1 (6)

Le(s>sic) = exp [=(st = s) (uesie = Miesie) |

The coefficients #,,, are determined by the bath spectral den-
sity and the temperature. For simplicity, we present expressions
based on first-order Trotter splitting (e 14! n ¢ /H bt g=i(H ~Ho)At
with local error O(A#*)). The extension to second-order splitting
is straightforward (e 4! w 7H0A/2g=I(H=Ho)AL=iH0A/2 (it Jocal
error O(At*)).”"** Computing Eq. (4) exactly incurs an exponential
cost with respect to the memory length. To overcome this chal-
lenge, the TEMPO algorithm identifies the discrete path variables
s¢ as the physical indices of a tensor network. The incremental
influence functional in Eq. (7) can be compactly represented as a
one-dimensional diagonal MPO (after inserting Kronecker deltas
with respect to s,f),

k
Fi(stoeeonsg) = TT Iak(sionse)s @)
K'=1

”“ A %ﬁ
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k=1 + + ot + +

b (H oL 0 )fk - ¥ B[ Bk 1 BRI )
=1 ¥ ¥ {a}

Here, a; is the index linking adjacent matrices, the size of which is

called the bond dimension. The overall influence functional, thus,

exhibits a two-dimensional triangular structure, which is contracted

as a sequence of layered MPOs to yield a final MPS [see Fig. 1(a)],

F(ST,...,SE) :B'NIBN[_lu-Bl, (9)

+ & +
N3 AL AT, Ay (10)

an;-1°
{a}
In practice, after successively contracting adjacent layers, standard
SVD-based compression is applied to truncate the bond dimension
of MPS by discarding renormalized states with small singular values,
thereby circumventing the exponential scaling of computational cost
and storage with respect to Ni.

In the original TEMPO algorithm,” starting from the system
initial state pg(0), the one-step system propagator is absorbed into
the pairwise influence functional with Ak = 1 during the contraction.
Consequently, instead of obtaining the overall influence functional,
the so-called augmented density tensor (ADT), which is the sum-
mand in Eq. (4), is obtained directly. The subsequent combination
with the PT framework® enables the system propagator to be sepa-
rated from the influence functional construction, resulting in higher
accuracy for a given bond dimension in our experience. Moreover,
PT-TEMPO allows reuse of the process tensor for different system
Hamiltonians and operations and is especially well suited for com-
puting multi-time correlation functions. The trade-off is that the
index of each local matrix must in general be doubled, s, — (s, s,'<),
which inevitably increases the computational cost. Fortunately, this
doubling can be avoided for the diagonal system-bath interaction
considered in this work, making the computational cost of PT-
TEMPO comparable to that of TEMPO. It is important to emphasize
that the process tensor encodes the exact same physical information
as the foundational Feynman-Vernon influence functional. Mathe-
matically, the process tensor is isomorphic to the time-discretized
evaluation of the influence functional, reformulated as a discrete,

Yy

(a) (b)

(c)

FIG. 1. Tensor network diagrams for the TEMPO algorithms. (a) Triangular tensor network representation of the influence functional used in the (PT-)TEMPO algorithm. (b)
Core algorithm of EH-TEMPO, where the influence functional is generated via the imaginary time evolution governed by the effective Hamiltonian MPO (Heg). (c) Final
tensor contraction to obtain the reduced density matrix, combining the influence functional MPS with the system propagators Us and the initial state p¢ (0). The white triangle

represents Jj.
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multilinear operator to facilitate efficient tensor network operations.
Once the overall influence functional is obtained in MPS form, the
system reduced density matrix is readily computed by contracting
with the system propagators and initial state [see Fig. 1(c)].

We now analyze the computational scaling of TEMPO and
PT-TEMPO for diagonal system-bath couplings. Building upon
the original algorithm proposed in Ref. 29, our implementa-
tion separates the forward and backward index variables into
ST,S1,835875--»Sn»Sy, rather than sf,sy,...,sy,. Although this
doubles the total number of sites, it significantly reduces the com-
putational cost per site. In the equations and figures presented in
this paper, however, we group the forward and backward indices
into a single site for clarity. The computational complexity of tensor
contraction is O(N;M3d’), where Mo is the bond dimension of the
MPO in Eq. (8), Ms is the bond dimension of the MPS representing
the overall influence functional (PT-TEMPO) or ADT (TEMPO),
d is the system Hilbert space dimension, and N is the number of
time steps. After contraction, the scaling of tensor decomposition
for canonicalization and compression is O(NfM3d*).* The detailed
analysis of computational complexity is presented in the Appendix.
The standard TEMPO and PT-TEMPO algorithms, thus, exhibit
steep scaling with respect to the system dimension d, especially in
tensor decomposition, which prohibits the efficient treatment of
multi-state dynamics. This limitation motivates the development of
the EH-TEMPO algorithm presented in Sec. II B.

B. The EH-TEMPO algorithm

The central idea of the EH-TEMPO algorithm is the reformula-
tion of the influence functional as an imaginary time evolution (ITE)
governed by an effective Hamiltonian H.g, which acts on the space
of path indices [s) ® |s3) ® - - - ® |s¥, )

Nk
A =33 -5 (mueSe — s )- (11)
k=1 K'=1

Here, the operators $; are diagonal in the path basis, satisfy-
ing $¢|si) =s¢|sg). This effective Hamiltonian describes a one-
dimensional lattice of length N; along the temporal axis with
long-range, complex-valued pairwise interactions #,,, and #;,,. For
example, for a two-level system where s;- takes values =1, Fg is anal-
ogous to an Ising chain with long-range couplings. As recognized
in early literature, this connection arises because the path integral
representation of the spin—-boson partition function is exactly equiv-
alent to a classical one-dimensional Ising model with long-range
couplings.” Since H.g takes the form of a sum of products, its MPO
representation can be efficiently constructed using the automated
bipartite graph algorithm developed in our previous works.'”*” The
automated bipartite graph algorithm can convert a general Hamilto-
nian, expressed as a sum of local operator products, into a highly
compact MPO without requiring manual derivation. By mapping
the operator strings onto a bipartite graph structure, where nodes
represent local operators and edges represent interactions, the algo-
rithm symbolically identifies and merges shared complementary
operator prefixes and suffixes across all terms. This graph-based
optimization effectively eliminates redundant local operators and
maximally reduces the internal MPO bond dimensions (but still
exact). Consequently, it provides a highly efficient programmatic
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route to construct the MPO representation for complex effective
Hamiltonians, directly ensuring optimal memory and computa-
tional performance during subsequent tensor network calculations.
To compute the state |¥ip) = Ykt F(sts. . osh)lsts - osi)s
which encodes the overall influence functional from ¢#; to ty, in its
amplitudes, we start from an unnormalized initial state |¥o) repre-
senting an equal superposition of all path configurations. This state
admits an MPS representation with Ms =1 (all elements in each

+
local site are 1, Af;H,zy. =1),

Wo)= > |sli,...,sf;t). (12)

+ +
B "“’sNt

Then, |¥ir) can be calculated by solving the imaginary time

Schrédinger equation from 7=0 to 7=1 under the effective
Hamiltonian [see Fig. 1(b)],

%\‘I’(T)) = ~He¥(1)), [¥(0)) = ¥o), (13)

[¥ir) = [¥()) = 7

¥), T=1 (14)

In this work, we employ the standard TDVP-based projector split-
ting (PS) algorithm to perform the ITE."”"* The TDVP-PS algo-
rithm is an efficient algorithm for integrating the time-dependent
Schrodinger equation strictly within the MPS manifold, under the
Dirac-Frenkel TDVP (8%|i0/0t — H|¥) = 0. Rather than applying
the evolution operator globally and subsequently truncating the
bond dimension, TDVP directly projects the time evolution opera-
tor onto the tangent space of the current MPS. The core mechanism
of the splitting approach lies in recognizing that the global tangent
space projector can be mathematically decomposed into a sequence
of local projectors acting on individual site tensors, alternating with
negative projectors acting on the intervening bond matrices. By
applying a Trotter decomposition to this operator, the global time
evolution is transformed into a robust, DMRG-like sweeping algo-
rithm. During a sweep, each local site tensor (the canonical center)
is evolved forward in time, followed by a backward-in-time evolu-
tion of the adjacent bond matrix, which correctly shifts the canonical
center to the next site while preventing the double-counting of local
dynamics. In our calculations, we employ the one-site TDVP-PS
algorithm, which ensures that the bond dimension remains fixed
throughout the evolution. This practically prevents the exponen-
tial growth in computational cost and memory storage associated
with the number of time steps. Consequently, systematic conver-
gence checks with respect to the chosen maximum bond dimension
must be performed in practical applications.

In (PT-)TEMPO, if one regards each layer of MPO contrac-
tion as one time step, obtaining |‘I’f{;) requires N steps. By contrast,
the number of ITE steps N required in EH-TEMPO can be very
small, typically from several to a dozen steps suffice, with N; <« Ny,
as shown in Sec. III. This substantial reduction in the number of
evolution steps translates directly into computational savings. More-
over, sophisticated adaptive time step algorithms can be employed to
further automate the ITE process, which is important for investigat-
ing unknown problems. Once |‘I’%’) is obtained, the reduced density
matrix at the final time step ty, is computed as in PT-TEMPO [see
Fig. 1(c)]. However, a direct application of EH-TEMPO provides
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only the reduced density matrix at the final time step ty,. To obtain
the full dynamical trajectory from t; to ty,, three schemes can be
employed, as follows:

1. Independent scheme. Perform ITE independently for Hlg,
Hip -+ HY to obtain [¥lp), [¥i), -+ [¥)y) separately.
Assuming that N, steps are required for each evolution to
7 = 1, this scheme requires N - N . ITE steps in total.

2. Stepwise scheme. Decompose HY ot into a sum of incremen-
tal contributions heff defined in Eq. (15) and perform ITE
sequentially according to heff, heff, I heff, each from 7 =0 to

T=1,

k
e = > Gk =50 (nwesy — e )- (15)
K'=1
This approach closely parallels (PT-)TEMPO, with the key dif-
ference that the incremental influence functional is exactly and
explicitly constructed in (PT-)TEMPO, whereas it is implicitly
obtained through ITE in EH-TEMPO. Like the independent
scheme, this requires N; - N ITE steps in total.
3. Backward retrieval scheme. All intermediate states |‘I’"<N‘)
are successively retrieved from |‘{’IF> by exploiting a prop-
erty of the influence functional: when s§; = sy, the incremental
influence functional fy equals unity. This allows the influence
functional to be retrieved backward,

- -
S"‘z f\t N1 5N -1 $3=5

¥ ) —— ¥ ) ¥ (16)
Combined with this backward retrieval, only a one-shot evo-
lution is needed, requiring just N ITE steps, which is signif-
icantly fewer than the preceding two schemes. The retrieval
itself incurs negligible additional cost, involving only a sin-
gle MPS sweep. However, since only |‘I’ﬁ];) is targeted in the

one-shot calculation, the retrieval may introduce small errors.

The computational cost of EH-TEMPO is dominated by the
ITE. Among the three schemes, the backward retrieval scheme is
the most efficient and will be adopted in the numerical calculations
presented in Sec. III. Using the TDVP projector splitting method,
the tensor contraction scales as O(IN; N, (MiMpd + MiMod)), and
the tensor decomposition scales as O(N;N;M3d). The detailed anal-
ysis of computational complexity is presented in the Appendix.
[ is the number of tensor contraction demanded by the initial
value problem (IVP) solver in updating each local site (typically
I~ 10). Compared to (PT-)TEMPO, the computational scaling of
tensor decomposition in EH-TEMPO is significantly reduced with
respect to both the system size d and the number of time steps
N:. For tensor contraction, the relative efficiency depends on Mo,
the bond dimension of the effective Hamiltonian, which is deter-
mined by the system-bath coupling operator. For a single bath with
one system-bath coupling term, such as in the Caldeira-Leggett
model, the exact MPO has Mo = O(N;), independent of d. For the
Frenkel-Holstein model, where each local two-level system couples
to an independent bath, the exact MPO scales as Mo = O(N:d).
Furthermore, as demonstrated in Sec. 11T and Appendix, we found
that the effective Hamiltonian MPO can be highly compressed
with minimal error, regardless of whether the bath possesses a
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structureless or structured spectral density. After compression, Mo
is substantially smaller than its exact (uncompressed) value. Most
importantly, this compressed bond dimension becomes indepen-
dent of N; (see Appendix). This intrinsic compressibility, which has
also been observed in Ref. 53, yields significant computational sav-
ings. In addition, since EH-TEMPO avoids the decomposition of
large tensors and the dominant operations are large tensor con-
tractions, it is highly amenable to GPU parallelization, as demon-
strated in Ref. 48. This leads to the significant speedups reported in
Sec. I11.

Before closing this section, we briefly contrast EH-TEMPO
with recent, closely related methods based on the TEMPO
framework.”” In Ref. 37, Shi and coworkers derived a partial dif-
ferential equation to compute the incremental influence functional.
While technically similar to the stepwise scheme introduced above,
our approach differs by adopting an effective Hamiltonian inter-
pretation to calculate the overall influence functional in a one-shot
calculation. This effectively reduces the computational scaling from
O(Nfz) to O(N:N;), where N; << N¢. In Ref. 53, Guo and cowork-
ers employ Prony fitting to approximate #,, and construct the MPO
for the exponent of fermionic influence functional by exploiting the
time-translational invariance of #,,. The subsequent time evolu-
tion is then obtained using the W and exponential thermal tensor
renormalization group (XTRG) algorithms, which is also a one-shot
calculation. Besides the differences in the time-evolution algorithms,
EH-TEMPO utilizes a different MPO construction strategy: it maps
the effective Hamiltonian to an exact MPO and subsequently com-
presses it using SVD without assuming a specific function form,
which is inherently more numerically robust and stable than Prony
fitting.

lll. RESULTS AND DISCUSSION

To evaluate the performance of the EH-TEMPO algorithm, we
apply it to the widely used testbed, the excitation energy transfer
dynamics in molecular aggregates described by the Frenkel-Holstein
model. The Hamiltonian is as follows:

Hs = Z e,a a; + Z ],Ja aj, 17)

Ii]

HB + HSB = Z wféjggif + Z ggmg&jﬁi(éjg + é,—g), (18)
i£ %3

where & is the site energy of molecule i and J; is the exci-
tonic coupling between molecules i and j. Each molecule has an
independent phonon bath with frequency w; and dimensionless
electron-phonon coupling constant g.

For the Frenkel-Holstein model, the influence functional
generalizes Eq. (6) by taking the product over all site indices:

N,k

d
F(sf,...,sﬁ,):g exp{ Z Z (mi

ny ) (ﬂkk’”;:’r - WZk’ ”;; ) }
(19)

where |si ) takes the local electronic state |i) withi = 1,...,d (d is the
number of molecules) and n;* is the occupation number of site i at
step k. The corresponding effective Hamiltonian is
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(ﬁ? - 7%;(_)(771(16’%;:’r — g ﬁ;;)’ (20)

R d Nk
Heg=),
i=1 =1

k=1
where 7l is the occupation number operator satisfying 7it|si)
= 5,‘5|S,f >

We benchmarked our approach using two model systems: the
7-site Fenna—Matthews-Olson complex with a Debye spectral den-
sity, and a 4-site perylene bisimide aggregate coupled to discrete
bath modes. All calculations were performed using the Renormalizer
package.

A. FMO model

For the FMO model, the parameters for Hs are from
Refs. 54 and 55. The bath is characterized by a Debye spectral den-
sity, J(w) = 213", where A is the reorganization energy and .
is the cutoff freque[ncy. We benchmarked EH-TEMPO against the
numerically exact HEOM method and the PT-TEMPO algorithm.
For the Debye spectral density, the HEOM method serves as an ideal
reference. The accuracy of the population dynamics is quantified by
the time-averaged cumulative deviation,

= e e
ES E %0

Population

S
o

0.0

200 400 600 800 1000
t/fs

FIG. 2. Exciton population dynamics of the 7-site FMO complex at T = 77 K. The
solid colored lines represent the results obtained via the EH-TEMPO algorithm
(bond dimension Mg = 128), while the dashed black lines denote the numerically
exact HEOM reference. The two datasets are in excellent agreement, with the
EH-TEMPO results accurately reproducing the detailed coherent oscillations.
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FIG. 3. Time evolution of the cumulative error £(t) for the 7-site FMO complex.
The performance of EH-TEMPO is compared against PT-TEMPO across three
bond dimensions (Ms = 30,60, 100), represented by different colors. The line
styles distinguish the algorithmic schemes: solid lines for EH-TEMPO with the
backward retrieval scheme, dash-dotted lines for the independent scheme, and
dashed lines for PT-TEMPO.

1 & i i
E(AIN,) = 77er S \p‘ ) (k) - P9 (), (1)

i=1 k=1

where P denotes the population of site i. We first verify the correct-
ness of the EH-TEMPO algorithm. Figure 2 displays the population
dynamics at T =77 K with A =35 cm™ and w. = 1/50 fs™'. The
EH-TEMPO results employ a real-time step size At = 4 fs, an adap-
tive imaginary time step (with relative tolerance 10°), and a bond
dimension Ms = 128. The results show excellent agreement with the
HEOM reference, capturing all oscillatory features of the coherent
energy transfer dynamics.

In Fig. 3, we compare the error accumulation &(¢) of EH-
TEMPO against PT-TEMPO. Two schemes are tested for EH-
TEMPO: the backward retrieval scheme and the independent
scheme. Both EH-TEMPO schemes maintain errors on the order
of 1073, comparable to PT-TEMPO at the same bond dimension
Ms. Crucially, the backward retrieval scheme achieves accuracy sim-
ilar to the much more expensive independent scheme, confirming
that with a proper bond dimension, the efficient backward retrieval
introduces negligible additional error.

A key feature of EH-TEMPO is the compressibility of the effec-
tive Hamiltonian. This allows the MPO representation of Hegf to be

(b)

0 200 400 600 800 1000
t/fs

FIG. 4. Compressibility of the effective Hamiltonian MPO. (a) The maximum bond dimension of H. as a function of the SVD compression threshold e. The bond dimension
decreases drastically from the exact value (1752) to compact sizes (<100) with non-zero thresholds. (b) The time-dependent calculation error introduced by compression,
relative to the uncompressed case. The error remains negligible (order of 10=%) even for aggressive compression (¢ = 107).
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compressed to save computational cost without significant loss of
accuracy. Figure 4 demonstrates this behavior. In panel (a), without
compression (& =0), the bond dimension of MPO grows to 1752.
By imposing an SVD truncation threshold ¢, the bond dimension is
drastically reduced (e.g., to 20 for ¢ = 107). Panel (b) shows that
this aggressive compression incurs a minimal error penalty: even
at ¢ = 107, the deviation from the uncompressed result remains
negligible, with errors maintained on the order of 107°.

The compressibility is further analyzed in Fig. 5 across different
parameter regimes. As expected, slower bath dynamics (left panel,
w, from 1/10 to 1/100 fs™!) and lower temperatures (right panel,
T from 300 to 10 K) lead to larger MPO bond dimensions, reflect-
ing stronger memory effect. Nevertheless, in all cases, the com-
pressed bond dimensions are orders of magnitude smaller than the
uncompressed values (dashed lines), highlighting the effectiveness
of compressing the effective Hamiltonian.

ARTICLE pubs.aip.org/aipl/jcp

We next assess the convergence of the ITE in Fig. 6 with
different step sizes. For fixed ITE step sizes dr =1,0.5,0.2,0.1/j
(N: =1,2,5,10, respectively), the error decreases with decreas-
ing step size, as expected for the TDVP projector splitting algo-
rithm. Notably, even with dr = 1/j (N = 1), the error remains well
controlled at the same order of magnitude (107°). Furthermore,
the adaptive step-size algorithm can be employed: with a relative
tolerance of 10~ and an initial step size dr =0.01/j, this algo-
rithm achieves the target accuracy more robustly than fixed-step
approaches. This greatly facilitates the investigation of unexplored
problems. In all cases, EH-TEMPO requires far fewer effective evo-
lution steps to construct the full influence functional compared to
the layer-by-layer growth required by PT-TEMPO.

Finally, we compare the wall-clock times of EH-TEMPO and
PT-TEMPO in Fig. 7. With four CPU cores (AMD EPYC 7B13),
the computational cost of EH-TEMPO is comparable to that of

1800 T
I e=10"° !
—10-6

1780 EEE e=10 I
=10 !
=== Uncompressed (¢=0) :

17601 .
1

86

Maximum MPO Bond Dimension
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x1073
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(77,1/50)

FIG. 5. Comparison of the maximum

bond dimension of the effective Hamil-

tonian MPO with various physical para-
7 meters. The x axis labels represent
the parameter pairs (T/K, we/fs™").
The dashed line indicates the uncom-
pressed bond dimension (1752), which
is constant across these parameters
for the given discretization. The col-
ored bars show the significantly reduced
bond dimensions after compression with
thresholds & = 10=°, 10=° and 1077,
highlighting the efficiency of the com-
pression across different temperatures
and cutoff frequencies.
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FIG. 6. Convergence analysis of EH-TEMPO with respect
to imaginary time evolution step size. The cumulative error
E(t) is shown for EH-TEMPO using fixed step sizes
(N: =1,2,5,10) and an adaptive step-size strategy (rel-
ative tolerance 10~%), compared against the PT-TEMPO
reference (N; = 250). Notably, even a single evolution step
(N; = 1) yields reasonable accuracy, demonstrating the
efficiency of the global evolution approach. All calculations
used a bond dimension of Mg = 60.
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FIG. 7. Computational wall-clock time for the PT-TEMPO and EH-TEMPO algo-
rithms on CPU and GPU platforms as a function of the MPS bond dimension Ms.
The numbers above the bars indicate the specific speedup factor achieved by the
GPU implementation relative to the CPU. While CPU performance is comparable
between the two methods, EH-TEMPO exhibits superior scalability on GPU hard-
ware, achieving a dramatic 17.5x speedup at Ms = 100 due to free of large tensor
decomposition, compared to the modest gains observed for PT-TEMPO.

PT-TEMPO. It should be noted that in the PT-TEMPO implementa-
tion, the MPO of the incremental influence functional, whose bond
dimension Mo would be 7* = 49, is decomposed into seven sepa-
rate layers of MPOs, each representing one independent bath with
Mo = 3 (see Appendix). This decomposition significantly accelerates
the PT-TEMPO calculation; without it, simulations with Mg = 100
would be computationally prohibitive. However, since EH-TEMPO
avoids large tensor decompositions, it is exceptionally well suited for
GPU acceleration. On an NVIDIA A100 GPU, EH-TEMPO achieves
speedups of 2.7x, 6.7x, and 17.5x for bond dimensions Mg = 30, 60,
and 100, respectively. In contrast, PT-TEMPO, which relies heav-
ily on SVD and QR decompositions—operations that are inherently
difficult to parallelize on GPUs—shows limited benefit from GPU
acceleration. With GPU, EH-TEMPO can be one order of magni-
tude faster than PT-TEMPO for Ms = 100. This makes EH-TEMPO
the superior choice for high-accuracy simulations requiring large
bond dimensions.

B. PBI model

To further demonstrate the robustness of the EH-TEMPO algo-
rithm, particularly for benchmarking against systems with larger
reorganization energies and more structured environments, we
investigate the excitation energy transfer dynamics in a 4-site
perylene bisimide aggregate model.

In contrast to the weakly coupled FMO complex, the PBI
model places the system in a notoriously challenging intermediate-
to-strong coupling regime. The environment is explicitly mod-
eled using 28 discrete undamped intramolecular modes rather
than a continuous, heavily damped spectral density, with para-
meters adopted from Ref. 56. This structured, undamped bath
is further complicated by a substantial reorganization energy of
A =879.1 cm™!, relative to a nearest-neighbor excitonic coupling
of J = —500 cm™". This choice of environment represents a highly
demanding test case; the absence of bath relaxation prevents the
decay of the correlation function, leading to infinitely long-lived
memory effects that typically cause rapid exponential scaling or
convergence failures in standard path-integral-based methods.

ARTICLE pubs.aip.org/aipl/jcp

Here, we used EH-TEMPO to simulate the dynamics. The time
step size is At =1 fs. The temperature is 300 K. To evaluate the
accuracy of EH-TEMPO, the results are compared against numer-
ically exact reference data generated using the TD-DMRG approach
(propagating the full system-bath wavefunction with a bond dimen-
sion of Ms=64). Figure 8(a) illustrates the convergence of the
population at the initial excitation site, no(t), with different bond
dimension Ms. Because the memory effect is extremely strong, small
bond dimensions (e.g., Ms = 64-256) lack the capacity to capture
the persistent temporal correlations, yielding trajectories that deviate
significantly from the TD-DMRG reference. As Ms is systematically
increased, the EH-TEMPO trajectories smoothly converge. At highly
expanded bond dimensions (Ms = 1024 and 1536), the EH-TEMPO
dynamics overlap with the numerically exact TD-DMRG reference.

This application underscores a critical advantage of the EH-
TEMPO algorithm. While realistic systems with large reorganiza-
tion energies and highly structured environmental modes inevitably
require much larger bond dimensions to converge than the
weakly coupled FMO model, reaching these necessary dimensions
(Ms >1000) is computationally prohibitive for standard TEMPO
due to its bottleneck in tensor decomposition. EH-TEMPO, by
transforming the problem into a “one-shot” imaginary time evolu-
tion and utilizing highly parallelizable tensor contractions on GPUs,
makes accessing these extreme bond dimensions feasible.

Notably, this model has been successfully solved using the
modular path integral approach developed by Makri and cowork-
ers, which mitigates exponential scaling of QuAPI by partitioning
the multiple baths into independent modules that are evaluated
sequentially.”””" EH-TEMPO can leverage similar ideas to acceler-
ate computations for larger aggregates: local baths can be evaluated
via EH-TEMPO, and the multiple baths and system propagators can
then be contracted as a 2D tensor network, akin to the strategies
employed in Refs. 41 and 43.

However, it is important to note a fundamental differ-
ence in computational efficiency between EH-TEMPO and TD-
DMRG in this specific undamped regime. While EH-TEMPO
successfully converges, the computational cost required to reach
Ms > 1000 is substantial. In contrast, TD-DMRG converges much
faster and with a significantly smaller bond dimension (Ms = 64).
This discrepancy arises from the underlying mathematical struc-
tures of the two approaches. EH-TEMPO relies on compressing
memory effects along the time axis; an undamped bath produces
an infinitely long-lived correlation function, which severely penal-
izes the compressibility of the influence functional and demands
massive bond dimensions to retain un-decaying temporal corre-
lations. Conversely, TD-DMRG propagates the joint system-bath
wavefunction explicitly. For a limited number of discrete modes over
a short time, the entanglement entropy between the system and the
bath modes remains relatively constrained, allowing wavefunction-
based methods to capture the dynamics highly efficiently. Therefore,
while EH-TEMPO successfully extends the reach of influence func-
tional methods to the strong-coupling regime, explicit wavefunction
methods, such as TD-DMRG, are better suited for environments
dominated by discrete, undamped modes.

In addition to the purely undamped discrete modes, we
also investigated the system by replacing the environment with a
Brownian oscillator spectral density, which describes the discrete
modes coupled to a secondary Ohmic bath,
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FIG. 8. Population dynamics ny () of the 4-site PBI aggregate model with (a) an undamped discrete mode bath (y = 0) and (b) a damped Brownian bath (y = 400 cm=").
The solid lines show the EH-TEMPO results converging as the bond dimension Mg increases. The black dots represent the numerically exact TD-DMRG reference at y = 0.
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where Q; is the frequency of the discrete mode with reorganization
energy A; and y, is the damping factor. We applied a uniform damp-
ing parameter y, =y = 400 cm™" across all modes. Consequently,
modes with frequencies Q; < 400 cm™! are overdamped, whereas
those with Q; > 400 cm™ are underdamped. The discrete mode
case discussed above corresponds to y = 0. The dynamics are pre-
sented in Fig. 8(b). Compared to the undamped case, convergence
is achieved with significantly smaller bond dimensions Ms. This
behavior is expected, as the introduction of the damping factor accel-
erates the decay of the bath correlation function, thereby weakening
the long-lived memory effects.

IV. CONCLUSION

In this work, we have introduced the effective Hamiltonian-
based time-evolving matrix product operator (EH-TEMPO)
algorithm as a highly scalable algorithm for simulating the
non-Markovian dynamics of open quantum systems. The
central innovation of our approach lies in reformulating the
Feynman-Vernon influence functional into the imaginary time
evolution of an effective Hamiltonian. This exact mathematical
mapping naturally casts the effective Hamiltonian into a sum-of-
products form, which seamlessly enables the use of automated,
optimal MPO construction algorithms. Consequently, EH-TEMPO
successfully replaces the computationally prohibitive iterative
contraction-and-compression schemes of standard TEMPO and
PT-TEMPO with a highly efficient projector-splitting time evolution
algorithm based on time-dependent variational principle.

We benchmarked the accuracy and efficiency of EH-
TEMPO on the excitation energy transfer dynamics of the 7-site
Fenna-Matthews—Olson complex and a 4-site perylene bisimide
aggregate. Across these diverse environments, ranging from weakly
coupled continuous Debye spectral densities to strongly coupled
discrete undamped modes, EH-TEMPO accurately reproduced the

numerically exact population dynamics obtained from HEOM and
TD-DMRG. A pivotal finding of our analysis is the intrinsic com-
pressibility of the effective Hamiltonian’s MPO representation;
we demonstrated that its bond dimensions can be aggressively
truncated without compromising numerical accuracy.

A defining practical advantage of EH-TEMPO is its ability to
circumvent the severe bottleneck of large tensor decompositions
inherent to the original TEMPO algorithms. By relying primarily
on tensor contractions, our method is exceptionally well-suited for
massive GPU parallelization. In our numerical tests, EH-TEMPO
achieved dramatic performance gains, delivering speedups of up to
17.5x on a single GPU for typical bond dimensions (Ms = 100)
compared to standard CPU implementations. These results indi-
cate that EH-TEMPO is uniquely positioned to tackle complex,
multi-state quantum systems that were previously computationally
intractable.

In future work, exploring the synergy between our EH-TEMPO
algorithm and the SMatPI algorithm presents a highly promising
avenue. In particular, EH-TEMPO is exceptionally well-equipped to
efficiently generate the influence functional data required within the
memory time to initialize the SMatPI recursion. Integrating these
methodologies could further alleviate memory bottlenecks, mini-
mize tensor dimensions, and drastically reduce the overall compu-
tational scaling for simulating long-time non-Markovian dynamics
in large-scale systems.
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APPENDIX: COMPUTATIONAL COMPLEXITY ANALYSIS

A detailed analysis of the computational complexity, specif-
ically tensor contraction and tensor decomposition of the (PT-)
TEMPO algorithms compared to the proposed EH-TEMPO algo-
rithm for diagonal system-bath couplings, is provided in the
Appendix.

For clarity, we define the following variables:

e N;: total number of real-time steps.

o d: system Hilbert space dimension.

e Ms: bond dimension of the MPS representing the overall
influence functional.

e Mo: bond dimension of the MPO representing the incre-
mental influence functional (in TEMPO) or the effective
Hamiltonian (in EH-TEMPO).

o p: the physical dimension of the local MPS and MPO sites.

Note that the following scaling analysis considers retaining full
memory without truncation.

1. Standard and optimized TEMPO algorithms

The standard MPO x MPS tensor contraction at a single site
scales as O(MiMpp?®). However, if the MPO is diagonal in the phys-
ical indices, this contraction can be optimized via the Hadamard
product, reducing the scaling to O(M3zMgp). The subsequent ten-
sor decomposition (for canonicalization and compression) of the
resulting enlarged tensor scales as O(MaMpp).*

There are several strategies to construct the incremental influ-
ence functional in the standard TEMPO framework , as follows:

a.  Grouped path variables (original): Following the implemen-
tation in Ref. 29, the forward and backward path variables
for a single time step are grouped into a single site. This

ARTICLE pubs.aip.org/aipl/jcp

results in a physical dimension p=d’. The single-layer
MPO representing the incremental influence functional,
exp [—Zk/ (st = sc) (e sy — nzk,s,})], has a bond dimension
Mo = O(d*). Utilizing the diagonal property of the MPO, the
contraction complexity per site is O(M3d®), and the decompo-
sition complexity is O(M2d®). To simulate the dynamics over
N, time steps, there are O(N;) layers, and each layer contains
O(Ny) sites. Thus, the cumulative scaling becomes O(N7 M3d®)
for contraction and O(N7MZd®) for decomposition.

b. Separated path variables (optimized): A significant optimiza-
tion can be achieved by separating the forward and back-
ward variables into distinct sites. This reduces the physical
dimension per site to p = d. The incremental MPO can also
be split into forward exp [—Zkf e (M spr — 11;,(/5,:/)] and back-
ward exp [+Zk1 e (M Spr = M S )] components, yielding two
MPOs with Mo = O(d). Consequently, the scaling per site
is reduced to O(M3d®) for contraction and O(Md') for
decomposition. Over N; time steps, the overall complexity
becomes O(NZMzd®) and O(NEMZd"), respectively. This scal-
ing matches the results reported in Ref. 42 (Table I). Although
this optimized implementation doubles both the number of sites
and the number of layers, the computational scaling with respect
to the system size d is dramatically reduced.

The analysis above is universal for any diagonal system-bath
coupling. However, for models such as the Frenkel-Holstein model,
the d states can be represented as d two-level sites, each coupled
to an independent bath. Here, the incremental influence functional
can be factorized into d independent components. Therefore, each
MPO layer can also be factorized into d sub-layers applied succes-
sively to the MPS. In this case, Mo effectively becomes O(1) per
sub-layer. Following the optimized TEMPO algorithm, the single-
site scaling reduces to O(M3d) for contraction and O(MZd) for
decomposition. Because the simulation involves O(N;d) sub-layers
with O(Ny) sites each, the total scaling over the entire simulation is
O(N;?M3d*) for contraction and O(N?M3id?) for decomposition.

2. EH-TEMPO algorithm

EH-TEMPO fundamentally alters the computational bottle-
neck by framing the problem as an imaginary time evolution gov-
erned by the time-dependent variational principle, thereby avoiding
the direct decomposition of heavily enlarged Ms x Mo tensors.

In the one-site TDVP-PS evolution scheme, applying the effec-
tive Hamiltonian MPO to the MPS involves projecting the action
of the MPO onto the tangent space of the MPS. Generally, the
contraction complexity per site is O(MsMgp® + MiMop)."* By

TABLE I. Summary of overall computational complexity for maintaining full memory across N; time steps. N is the number
of imaginary time steps, and / is the number of IVP solver iterations per site (typically ~10).

Algorithm Contraction scaling Decomposition scaling
Standard TEMPO O(NEMEd®) O(NEM3d®)
Optimized TEMPO O(NIM3d) O(NEM3d")
Optimized TEMPO (Holstein-specific) O(N?M3d*) O(NZM3d*)
EH-TEMPO O(IN:N:(M§Mpd + MiMod) ) O(NN.Md)
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FIG. 9. Largest uncompressed and compressed MPO bond dimensions, Mo, of the effective Hamiltonian for a single local bath as a function of the number of real-time steps
N¢. The results are presented for (a) the 7-site FMO complex (At = 4 fs) and (b) the 4-site PBI aggregate model (At = 1 fs). Two SVD compression thresholds, 10~7 and
102, are compared. For the FMO model, the largest compressed bond dimensions remain constant at Mo = 8 (for 10=7) and Mo = 9 (for 10=°) across all values of N;.
For the PBI model, the largest compressed bond dimensions at N; = 20 are Mo = 8 (10™7) and Mo = 9 (10=%); at N; = 200, these values increase only moderately to

Mo = 18 and Mo = 20, respectively.

exploiting the diagonality of the effective Hamiltonian MPO, this
reduces to O(MEMpp + MiMop). Unlike standard TEMPO, updat-
ing each local site in EH-TEMPO requires [ tensor contractions
(matrix-vector multiplications, H - ¢) as demanded by the initial
value problem (IVP) solver (typically I ~ 10). Crucially, the decom-
position step within TDVP only scales as O(Mgp) per site, because
it operates directly on the MPS tensors rather than the combined
MPO x MPS tensors.

Using separated path variables (p = d), a full TDVP sweep
over the entire chain of length O(N;) across a total of N
imaginary time evolution steps results in an overall scaling of
O(IN:N:(MsMpd + MiMod)) for contraction and O(N;N;M3d)
for decomposition.

For a single bath, the exact effective Hamiltonian MPO exhibits
a bond dimension of Mo = O(N;). Fortunately, as demonstrated
in the main text, this effective Hamiltonian MPO is highly com-
pressible. Regardless of whether the system is coupled to a broad
continuous Debye spectral density or to discrete undamped modes,
where the memory length spans the entire simulation time (N;At),
the actual compressed bond dimension Mo becomes effectively
independent of Ny, as illustrated in Fig. 9. This intrinsic compress-
ibility was similarly observed in Ref. 53, which employed the Prony
fitting algorithm to construct the effective Hamiltonian MPO. That
work revealed that Mo is fundamentally governed by the number
of terms required to decompose the memory coefficient 7, into a
sum of complex exponentials, #,; ~ Z,ay\fk (where a; and A; are
the expansion parameters). The required number of fitting terms is
significantly smaller than the total number of time steps.

For systems coupled to d independent local baths, such as the
Frenkel-Holstein model, the total effective Hamiltonian is a direct
summation of the individual bath contributions. Consequently,
while the MPO for each individual bath component can be aggres-
sively compressed, the overall MPO blocks cannot be interleaved or
further compressed across different bath sites. As a result, the total
bond dimension scales additively with the number of independent
baths, yielding a compressed scaling of Mo = O(d).

3. Summary of computational complexity

Table I summarizes the computational complexities for main-
taining full memory dynamics across N; time steps. As shown,
EH-TEMPO significantly mitigates the harsh tensor decomposition
bottleneck associated with standard TEMPO algorithms.
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