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ABSTRACT: Reliable trajectory-based nonadiabatic quantum dynamics methods at the
atomic/molecular level are critical for the practical understanding and rational design of many
important processes in real large/complex systems, where the quantum dynamical behavior of
electrons and that of nuclei are coupled. The paper reports latest progress of nonadiabatic field
(NaF), a conceptually novel approach for nonadiabatic quantum dynamics with independent
trajectories. Substantially different from the mainstreams of Ehrenfest-like dynamics and
surface hopping methods, the nuclear force in NaF involves the nonadiabatic force arising
from the nonadiabatic coupling between different electronic states, in addition to the adiabatic
force contributed by a single adiabatic electronic state. NaF is capable of faithfully describing
the interplay between electronic and nuclear motion in a broad regime, which covers where
the relevant electronic states keep coupled in a wide range or all the time and where the
bifurcation characteristic of nuclear motion is essential. NaF is derived from the exact
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generalized phase space formulation with coordinate-momentum variables, where constraint phase space (CPS) is employed for
discrete electronic-state degrees of freedom (DOFs) and infinite Wigner phase space is used for continuous nuclear DOFs. We
propose efficient integrators for the equations of motion of NaF in both adiabatic and diabatic representations. Since the formalism
in the CPS formulation is not unique, NaF can in principle be implemented with various phase space representations of the time
correlation function (TCF) for the time-dependent property. They are applied to a suite of representative gas-phase and condensed-
phase benchmark models where numerically exact results are available for comparison. It is shown that NaF is relatively insensitive to
the phase space representation of the electronic TCF and will be a potential tool for practical and reliable simulations of the
quantum mechanical behavior of both electronic and nuclear dynamics of nonadiabatic transition processes in real systems.

1. INTRODUCTION

A great deal of theoretical effort has been focused on
developing trajectory-based approaches for including quantum
mechanical effects in molecular dynamics simulations. These
trajectory-based approaches consistently recover classical
mechanical regions in chemical and biological processes,
where nuclear quantum effects are negligible and classical
molecular dynamics on a single-adiabatic-electronic-state
potential energy surface (PES) is capable of describing the
main features' when the Born—Oppenheimer (BO) approx-
imation” is valid. Such classical mechanical regions are often
too difficult to approach numerically by wave function

not only an exact representation of classical mechanics,”* but
also a rigorous interpretation of quantum mechanics.””'* Tt
naturally bridges quantum and classical concepts, which offers
insight into developing practical trajectory-based quantum
dynamics approaches''™"® for real molecular systems in the
age of postmodern quantum mechanics."”

When the BO approximation holds, the conventional infinite
coordinate-momentum phase space®”
of freedom (DOFs) is often used in the linearized semiclassical
initial value representation (LSC-IVR)/classical Wign-
er,'**°™*” forward—backward semiclassical dynamics,zg_35
path integral Liouville dynamics,**™*" equilibrium continuity

10,1
915 for nuclear degrees

o . dynamics,'”*" and other practical phase space quantum
methods, because a lot of destructive interference in the Y ’ p p P q
wave function interpretation (or in the quantum basis set
expansion) is necessary to yield classical dynamics. Reasonable Received: February 4, 2025
trajectory-based dynamics approaches are competent in Revised: ~ March 6, 2025
practically illustrating the transition from the classical Accepted:  March 19, 2025

mechanical region to the region where nuclear quantum
effects become non-negligible and then important. The phase
space formulation with coordinate-momentum variables offers
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dynamics approaches.'®*'™* Some of these methods have

been successfully applied to study electronically adiabatic
processes where nuclear quantum effects are impor-
tant,zo’m’23’24’42‘49_65 such as transéport properties,m’so’sz’SS
dynamic structure factors,”"’®> vibrational spec-
tra, 3874053546466 hamical reaction rates,>*?"***** yibra-
tional relaxation rates,”*"°" and so forth. It is important to note
that the LSC-IVR/classical Wigner and some other approx-
imate trajectory-based phase space approaches can in principle
systematically be improved with more numerical effort by
more advanced SC-IVRs of Miller and co-workers,”” =" the
SC-IVR series of Pollak and co-workers,”'~"* or by higher
order corrections of the exact series expansion of the phase
space propagator of Shao and Pollak”* and those of ref 40 by
us.

The BO approximation, however, fails in many important
fundamental processes in electron/hole/charge transfer, photo-
activated, energy conversion, strong electromagnetic field/
vacuum field manipulated processes in physical, chemical,
biological, materials, geological, astronomic, %uantum compu-
tation and quantum information systems,”>~"° which involve
the quantum mechanical behavior of both electrons and nuclei
in the context of nonadiabatic transition dynamics.'"'>*"~'%7
Comprehensive topics on the nonadiabatic transition are
presented in the seminal reviews by Domcke, Yarkony, Koppel,
Cederbaum, and co-workers.”’ ™ In nonadiabatic transition
processes, electrons are often depicted by F coupled discrete
electronic states, while nuclei are described in continuous
coordinate space. The state—state nonadiabatic coupling can
be either inherent in molecular systems or induced by the
external field. The composite/nonadiabatic system then
includes both discrete electronic-state DOFs and continuous
nuclear DOFs. Since the pioneering work of Makri and co-
workers for providing benchmark results for the spin-boson
model (a condensed-phase two-state nonadiabatic model) by
quasi-adiabatic propagator path integral (QuAPI),"%* """ a few
numerically exact methods, including more advanced real time
path integral methods,''”~"*" hierarchy equations of motion
(HEOM),"**~"*7 dissipaton equation of motion,"**~"* (multi-
layer) multiconﬁ§uration time-dependent Hartree [(ML-
YMCTDH],"**~"*" time-dependent density matrix renormali-
zation group (TD-DMRG),"”'™"'*° and other tensor network
methods,"®'~'°® have been developed for benchmark model
systems for nonadiabatic dynamics.

When real (large) molecular systems are studied, most
practical nonadiabatic dynamics methods with independent
trajectories fall into two mainstreams. The first mainstream
employs mean-field trajectories. The pioneering work of the
Meyer-Miller (MM) mapping Hamiltonian model originally
proposed from the “classical electron-analog” by Meyer and
Miller in 1979'%” treats both electronic and nuclear DOFs on
the same footing. In 1997 Stock and Thoss used the Schwinger
oscillator theory of angular momentum to show the mapping
Hamiltonian is exact in quantum mechanics.'*® Although the
MM mapping Hamiltonian model approach'**'%*~**%**! 3ls0
employs mean field trajectories, in many regards it consistently
outperforms traditional Ehrenfest dynamics™*”**%***%%
spirit of the Ehrenfest theorem.””* Nuclear DOFs of the
mean field trajectory evolve on an averaged PES, of which the
nuclear force can be decomposed into two components in the
adiabatic representation, one is the nonadiabatic nuclear force,
and the other is the mean of the adiabatic (BO) forces
contributed by all electronic states. Ehrenfest dynamics fails to
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capture the bifurcation characteristic of nuclear motion in the
asymptotic region where the nonadiabatic coupling disappears
(e. g, for the gas-phase photodissociation event). When the
MM Hamiltonian is used in the forward—backward or fully
SC-IVR framework,>””®° the interference between different
mean field trajectories naturally leads to the nuclear bifurcation
characteristic in the asymptotic region as shown in refs 186 and
187. When the infinite Wigner phase space is applied to both
electronic and nuclear DOFs of the MM Hamiltonian and
implemented in the full LSC-IVR framework for electronically
nonadiabatic processes,'®” the performance is much less
satisfying even for electronic dynamics.'*>™"* This is mainly
because only a physical subspace of the harmonic oscillator is
involved in the Schwinger mapping scheme, where the bosonic
commutation relation does not necessarily hold, as pointed out
in AF?endix A of ref 235. A few meth-
0ds!90191,193,195,197,200-203,207,209 12w been proposed on the
(practical) quasi-classical level to improve the numerical
performance over the full LSC-IVR for the MM mapping
Hamiltonian model, of which the most prevailing one is the
symmetrical quasi-classical (SQC) approach with triangle
window functions (TWFs) developed by Cotton and Mill-
er'”>?% and widely used in refs 209, 210, and 236—251. This
mainstream of trajectory-based methods is often competent in
describing dynamics in the nonadiabatic coupling region, but
difficult to produce the bifurcation characteristic of nuclear
motion in the asymptotic region unless more numerically
demanding strategies are applied. Another mainstream
employs various hopping mechanisms for connecting two
independent BO trajectories generated on two different
adiabatic PESs in the nonadiabatic coupling region.”>””*>
The most popular approach is the fewest-switches surface
hopping (SH) originally developed by Tully in 1990.”*" It has
been successfully implemented for studyl’r}g both gas phase
models and realistic molecular systems.””*’ 29 Quite a few
other SH algorithms,270_295 which introduce either stochastic
or deterministic hopping events, have been further developed.
This mainstream naturally satisfies the Born—Oppenheimer
limit and captures the bifurcation characteristic of nuclear
motion in the asymptotic limit where no nonadiabatic coupling
exists, but encounters the challenge in nonadiabatic processes
where the states keep coupled in a wide region or all the time.
In addition to the two mainstreams, there exist some other
methods employing independent trajectories.””*"*°> Non-
adiabatic dynamics approaches with coupled trajectories
include multiple spawning by Martinez and co-workers,”**~*%’
exact factorization by Gross and co-workers,”'’7*"?
configuration Ehrenfest by Shalashilin and co-workers,
etc.

The generalized coordinate-momentum phase space for-
mulation' "' >**>?'773 rigorously maps the composite system
onto phase space with continuous coordinate-momentum
variables, where nuclear DOFs are still depicted by the
conventional infinite coordinate-momentum phase space but F
discrete electronic-states are represented by the constraint
coordinate-momentum phase space (CPS), which is diffeomor-
phic to the complex Stiefel manifolds U(F)/U(F-r) (with 1 <r
< F).”»7% After ref 235 first presented the key idea of a
complete space with coordinate-momentum variables for
constructing mapping Hamiltonian models for finite-state
quantum systems, ref 318 further established the CPS
formulation related to the quotient space U(F)/U(F — 1)
for general F-state systems by the sphere representation with

multi-
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coordinate-momentum variables in its main text and by the Information®*® of ref 322, the comparison among NaF,

simplex representation with action-angle variables in its
Appendix A. Reference 320 then presented CPS with
commutator variables that is related to the complex Stiefel
manifolds U(F)/U(F — r). Interestingly, the quotient space
U(F)/U(F — 2) is related to the equations of motion (EOM:s)
of the first model of ref 235 or ref 318 as well as the method
used in ref 329.

The exact EOMs of mapping coordinate-momentum
variables of CPS for the pure F-state quantum system are
linear." '#7353177326 Ag pointed out in Appendix 3 of ref 12,
the CPS formulation with coordinate-momentum variables is
superior to the conventional Stratonovich phase space
approaches with angle variables’*’*>* used for studying
composite/nonadiabatic systems,”***** because the EOMs
of the latter are highly nonlinear and tedious, where inevitable
singularities need to be excluded in dynamics especially when F
is large. More importantly, the CPS formulation is versatile for
yielding more new phase space representations of the finite-
state quantum system.323" *° Some of these phase space
representations will be discussed in Sub-Section 2.4. The
generalized coordinate-momentum phase space formulation of
quantum mechanics exactly represents the three key
elements'” for nonadiabatic dynamics: the phase space integral
expression for the expectation or ensemble average of the
physical property of interest, the initial condition on phase
space, and the EOMs on phase space.

Even when we introduce the independent trajectory
approximation in the generalized coordinate-momentum
phase space formulation, the first two key elements are still
exactly represented, and only the third key element is
approximated. That is, the general Wigner-Moyal equation
on quantum phase space, which is a partial differential
equation, is replaced by a set of ordinary-differential equations
to produce the independent trajectory. This involves the same
strategy discussed in ref 40. When the phase space function
corresponding to the quantum Hamiltonian operator is used to
generate the EOMs for the independent trajectory, it leads to
the classical mapping model (CMM)?'**'? when the quotient
space U(F)/U(F — 1) is employed, or the CMM with
commutator variables (CMMcv)**® when the quotient space
U(F)/U(F — r) with 1 < r < F is used. More recently, we have
proposed nonadiabatic field (NaF),>***** a conceptually novel
nonadiabatic dynamics approach with independent trajectories
on quantum phase space. NaF is competent in faithfully
describing both electronic and nuclear motion in the
nonadiabatic coupling region and in the asymptotic region
where the state—state coupling vanishes. The nuclear force in
NaF includes two terms, one is the nonadiabatic nuclear force
contributed by the product of the nonadiabatic coupling vector
(NACV) and the electronic coherence between different
electronic states, and the other is the adiabatic nuclear force of
a single adiabatic electronic state (either stochastically with
electronic weights or deterministically with the dominant
electronic weight). NaF is then fundamentally different from
the two prevailing conventional mainstreams with independent
trajectories, because of two key elements: the exact expressions
of the initial condition and of the time-dependent properties
on generalized quantum phase space with coordinate-
momentum variables for electronic and nuclear DOFs, and
the nuclear EOMs on quantum phase space with the
aforementioned adiabatic and nonadiabatic force. As shown
in the main text of and Section S7 of the Supporting
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Ehrenfest dynamics, SH methods, and the brute-force
implementation of the EOMs of NaF to either Ehrenfest
dynamics or SH methods demonstrates the importance of the
two key elements.

Recent progress on the CPS formulation has revealed new
classes.***~**° For instance, we have proposed a novel class of
CPS for two-state systems,””> which satisfies a relation derived
from the Abel integral equation leading to the exact population
dynamics in the frozen nuclei limit. In any case of this class,
each trajectory on CPS makes non-negative contribution to the
electronic population dynamics. Interestingly, the TWEF
approach of Cotton and Miller'”® used for population
dynamics in the SQC/MM method is proved as a special
case of this class. More classes are proposed in ref 326. In this
paper, we apply NaF with a few new formalisms of CPS and
test their performance in a suite of typical benchmark model
systems, including linear vibronic coupling models, one-
dimensional scattering models in gas-phase, system-bath
models and atom-in-cavity models, where numerically exact
results are available for comparison.

The paper is organized as follows: Section 2 presents the
theory of NaF methods, including phase space mapping
formalisms, equations of motion, and a review of various time
correlation functions (TCFs) in the CPS formulation. Section
3 demonstrates the numerical performance of NaF methods
for the suite of gas-phase and condensed-phase model systems.
Conclusion remarks are presented in Section 4.

2. THEORY
2.1. Background. In atomic units, the full Hamiltonian for

N,om nuclei and Ny, electrons reads
Nalom D ,A Nee PP Nee Nalom
. P,P,+ZIBij_ZIZ Z;
B 2M 2 F, — R
J=1 ] j=1 j=1 J=1 7%j ]
Nele Nele Natom Nalom
1 ZIZ]
" Zlf—fl+22|ﬁ—ﬁl
j=1i>j j i J=1 I>] 1 T (1)

Here, {RB P]} are the coordinates and momenta of the J-th
nucleus, M; is the ratio of the mass of the J-th nucleus to the
mass of an electron, Z; is the atomic (charge) number of the J-
th nucleus, and {r]-, Bi} are the coordinates and momenta of

the j-th electron. The first term of the right-hand side (RHS)
of eq 1 represents the kinetic energy of the nuclei; the second
term is the kinetic energy of the electrons; the third term
stands for the Coulomb attraction potential between electrons
and nuclei; the fourth and fifth terms are the repulsion
potential between electrons and that between nuclei,
respectively. The total number of nuclear DOFs is N,
3N, tom- The reduced Planck constant, £, is set to 1 and then
omitted for electronic DOFs throughout the paper. In Sub-
Sections 2.1 and 2.2, to illustrate nuclear quantum effects, 7 for

nuclear DOFs is explicitly expressed in formulas. But in other
parts of the paper, 7 for nuclear DOFs is also set to 1 and then
omitted, because atomic units are used in all the benchmark
tests. R

Define the electronic Hamiltonian H,(R) as the sum of the
last four terms in the RHS of eq 1. The full Hamiltonian
becomes

https://doi.org/10.1021/acs.jctc.5c00181
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H=—-pM'P+ Ay R) DY (R) = Z dDR)dDR) + —dP(R)
2 () dR; (8)

where M = diag{M,, M;, M;, M,, M,, M,, -

MNM} is the diagonal nuclear mass matrix, {R, P} are the

;MN

atom? " Naton

coordinate and momentum vectors of nuclear DOFs, and the

physical nuclear kinetic energy
N PD A N, B .
Yhom TJ = Lp.M1p = YN T s the same as the first
J=1 28, 2 =1 2M,

term of the RHS of eq 1 for the full Hamiltonian. Here, M is
the mass of the I-th nuclear DOF, P, is the I-th component of
the momentum vector, and R; is the I-th component of the
coordinate vector.

Assume that {l¢(R))} is the complete set of orthonormal
adiabatic electronic states for a given nuclear configuration, R.
The representation of Hel(R) in the adiabatic basis reads

I:IeI(R) = Z Ek(R)|¢k(R)><¢k(R)l ( )

k 3

where E;(R) denotes the adiabatic potential energy surface of
the k-th adiabatic electronic state l¢p(R)). The rigorous
expression of eq 3 in general involves a complete set of infinite
adiabatic electronic states. It was in refs 12 and 341 where eq 2
with the expression of eq 3 for the electronic Hamiltonian,

Hy(R), was first employed for phase space mapping methods
for nonadiabatic dynamics. E.g., see eqs (55) and (57) of ref
12.

The physical nuclear kinetic energy operator in either eq 1
or eq 2 should intrinsically be expressed in the full coordinate
space of nuclear DOFs, which is independent of the electronic
space. When the complete adiabatic electronic basis set is
available, the expression of the physical nuclear kinetic energy
operator reads

) EPIN 1.
—P-M 11) = z _Pcan canékl lhdkl(R) M can
2 o |2
Nnuc 1
=17 20 DD (R) [ (R (R)
J=1 = (4)
where f’can is the canonical nuclear momentum operator that

does not explicitly operate on any adiabatic basis state Igh,(R)),

dp,(R) >
©)

is the first-order nonadiabatic coupling vector between the k-th
and I-th adiabatic electronic states, of which the J-th
component is dJ(R), and

> (6)

2
9°¢(R)
OR}
is the second-order derivative term with respect to the J-th
nuclear DOF in the nonadiabatic coupling between the k-th
and I-th adiabatic electronic states. It is easy to show

dkl(R) = <¢k(R)

DP®) = { ¢.(R)

d,(R) = —dj(R) )

and
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Equations 4, 7, and 8 lead to an equivalent expression of the
physical nuclear kinetic energy operator

%IA"M_IIA) = Z ( ( cané‘kn - lhdkn(R))
k,,n
( can’ n lhdnl(R)))l¢k(R)><¢l(R)l
)
or in a more compact form,
SoMP = (B, 10" - ind(®).
M7 (R, 150 — ind(R)) (10
where igedla) = Zk g (R)){(¢,(R)| is the identity operator in

electronic space represented by the adiabatic electronic basis
set and d(R) = Zk,l (dy(R))lgp,(R)){¢,(R)| is an electronic
operator, of which each element is a vector in the nuclear space
as defined by eq 5. The RHS of eq 9 or that of eq 10 was
already used in the literature, e.g, refs 198, 276, 342, and 343.
It is important to note that eqs 4, 8, 9, or 10 only hold when
the adiabatic electronic basis set is complete. That is, the
summation in eqs 4, 8, and 9 intrinsically include infinite
adiabatic electronic states. We note that eq 10 inherently hints
the relation between the physical nuclear momentum operator,
P, and the canonical nuclear momentum operator in the
adiabatic representation, P,,.

Most processes in chemistry, materials, biology, and so forth
involve finite energy where only a finite number of electronic
states are effectively included. Assume that only F lowest
adiabatic electronic basis states are relevant. The truncation of
the electronic basis set in principle assumes that the third term
of the equation below,

F
0
DI(R) = X dg®R) + AP (R)
7

+ Z dO(R)AD(R)

m=F+1

(11)

vanishes. When 5D,E{)(R) = an":FHd,gz(R)dr(,{l)(R) is not

negligible for the system, it implies a nonabelian/Yang-Mills

gauge field — id(R)"**** with the gauge field tensor
o(-id")  o(—ia®
Fy = (i ) (i ) ld(I) id(])]eIe
6RI 6R] (12)

When the truncation of the adiabatic electronic basis set is
reasonable, SD{(R) or Fy is often close to zero but should be

ignored with caution.

When the full space of electrons is involved, which means
infinite adiabatic electronic states are included, the expression
of eq 3 is indeed complete for the electronic Hamiltonian.
Under such a circumstance, an orthonormal diabatic electronic
basis set, {In)}, that is independent of the nuclear coordinate
vector, R, can rigorously be defined,

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813
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Iy = )" Th(R)Ig,(R))

k (13)
where T%(R) = (¢ (R)In) or T, (R) = {(nlp.(R)) is the
element of the diabatic-to-adiabatic transformation matrix,
T(R). Then the representation of Hy(R) in the diabatic basis
set becomes

Ay(R) = )V, (R)ln)(ml = V(R)

where V,,(R) = (nlﬁel(I})lm) is the matrix element for the
electronic Hamiltonian, H,(R). When the complete diabatic
electronic set is available, the physical nuclear kinetic energy
operator reads

| A (1A i ]
‘M P = —P-M" PS5, |In){ml
, > , o 1)

(1)

When only F diabatic electronic states are effectively involved,
the truncation in the diabatic basis set and eqs 2, 14, and 15
leads to the expression of the full Hamiltonian operator

n,m

F
N 1 AT 1 R
AR, P) = ) (EPTM s, + Vnm(R))InXml

n,m=1

(16)

Equation 16 in principle assumes that {In)}, n € {1,-+,F} is the
“complete” set of diabatic electronic states and {l¢(R))}, k €
{1,-,F} is the “complete” set of orthonormal adiabatic
electronic states.

We will first review the EOMs of NaF (on quantum phase
space) in Sub-Section 2.2 and Sub-Section 2.3, then discuss the
phase space integral expression of the TCF for evaluating the
time-dependent property in Sub-Section 2.4.

2.2. Phase Space Mapping Hamiltonian for Non-
adiabatic Systems. The one-to-one correspondence map-
ping function of the full Hamiltonian of eq 16 in the

iz i - u -
eneralized coordinate-momentum phase space representa
. 11,12,235,318—320

tion reads

H(R) PI xl P; F) = Trme[I-AH%nuc(R, P) ® Ke[e(xl P) F)]

F
=P+ Y VR
n,m=1
(17)
where
N,
R (R P) = (i) / dEdyes R-R+in(P=P)
nuc 277: (18)
denotes the mapping kernel of the Wigner phase spaces’m’mg
for nuclear DOFs, and
F
R 1 n . (n m . (m
Ry(xp, T) = z;l [E(,; )+ ) = ) — 1 o
(19)

denotes the mapping kernel of CPS*'*?*%3%32¢ for electronic
DOFs. Here, the notation Tr,[-] and Tr,[-] represent the trace
over nuclear DOFs and that over electronic DOFs,
respectively. The commutator matrix I' can be represented
by a series of extended phase space variables (namely the
commutator variables) through its spectral decomposition.”*’
The mapping CPS,”*>*'*7%*%%** characterized by constraint
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S(x, p, T; 7), is related to the normalization of eq 19 (ie.,
Tre[IAQle(x,p,F)] = 1), where y denotes the parameter vector
involved in the mapping CPS. The covariant form of eq 17 in
the adiabatic representation reads'”

S T
HR, P, % p,I) = E1>TM 'p

~(n)\2 ~(n)\2
G+ GO ¢

+ ) E,(R) .

n=1

(20)

where X(R) + ip(R) = T'(R)(x + ip), ['(R) = T'(R)I'T(R)
are covariant phase space variables of electronic DOFs in the
adiabatic representation. As shown in refs 12 and 34S, the
nuclear canonical momentum in the diabatic representation, P,
corresponds to the nuclear kinematic momentum in the
adiabatic representation. The relation between the nuclear
kinematic momentum in the adiabatic representation, P, and
the nuclear canonical momentum in the adiabatic representa-
tion, f’, reads'>'%®

F
P=p+iy B(W +EGE -5 — 1 la(®)

n,m=1
(21)

When the electronic basis set is complete, the physical nuclear
momentum, the nuclear canonical momentum in the diabatic
representation, and the nuclear kinematic momentum in the
adiabatic representation are in principle equivalent.'>*** This
is inherently implied in eq 10 and eq 15.

Cotton, Liang and Miller directly started from the adiabatic
representation and first showed the use of the nuclear
kinematic momentum, P, in Ehrenfest-like dynamics of the
Meyer-Miller mapping model to avoid second-order non-
adiabatic coupling terms.'”® The derivation of the nuclear
kinematic momentum, P, in the generalized phase space
formulation has been demonstrated in Section S1 of the
Supporting Information®*® of ref 320, Section 4 of ref 12, and
Appendix 2 of its Supporting Information,’** where we have
explicitly pointed out that the first-order nonadiabatic coupling
corresponds to a nonabelian/Yang-Mills gauge field
—idP(R)">*** with the gauge field tensor defined by eq 12
and that the EOM of nuclear kinematic momentum P in the
adiabatic representation does not include second-order non-
adiabatic coupling terms only when such a gauge field tensor is
zero, or equivalentlgr, when the diabatic representation is
rigorously defined'””” or the adiabatic basis set is complete.
NaF on quantum phase space employs nuclear kinematic
momentum P in the adiabatic representation.’””*** In
addition, as first explicitly pointed out in ref 12 and already
used in refs 11, 320, 321, and 347, nuclear kinematic
momentum P in the adiabatic representation should be
inherently utilized in SH methods. When the gauge field
tensor (defined by eq 12) is zero, in SH methods the use of
nuclear kinematic momentum P in the adiabatic representation
can also avoid second-order nonadiabatic coupling terms.

When the (electronic) adiabatic basis is incomplete, Fy in

eq 12 deviates from zero. A correction term, F, 4., arises from

the nonabelian/Yang-Mills gauge field tensor in the force for

the update of nuclear kinematic momentum vector P in the
- . 12,167,341,348,349 :

adiabatic representation, of which the I-th

component reads

https://doi.org/10.1021/acs.jctc.5c00181
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residue

Nue P,
] ~
=D, 5 T 7]

J=1 "] (22)

Here p denotes the corresponding effective electronic density
matrix in the adiabatic representation, which depends on the
EOM s of the nuclear DOFs. (An example is defined in eq 34.)
Such a term was shown in eq (S30) of Appendix 2 of the
Supporting Information’* of ref 12 for the EOMs in the CPS
formulation. Only when this term vanishes, the EOM of
nuclear kinematic momentum P involves but the first-order
nonadiabatic coupling term.'”> When nuclear canonical
momentum P in the adiabatic representation was used instead,
a term equivalent to the RHS of eq (22) appeared in Appendix
B for the EOM:s of the Meyer-Miller mapping model in ref 167
by Meyer and Miller and in eq (17) for Ehrenfest dynamics in
ref 349 by Amano and Takatsuka. The relativistic analogue of
the EOMs with the canonical momentum was proposed in ref
348 by Wong, where the nonadiabatic coupling plays the role
of the nonabelian gauge field interacting with the isotopic-spin-
carrying particle.

In all the benchmark tests presented in this paper where
numerically exact results in the diabatic representation are
available, the gauge field tensor defined by eq 12 is zero. When
on-the-fly ab initio NaF simulations are performed for real
systems where only a finite number of adiabatic electronic
states are involved, the gauge field tensor of eq 12 should be
disregarded with caution for the update of nuclear kinematic
momentum P.

2.3. Nonadiabatic Field. As derived in refs 12, 322, and
324, the EOMs of the electronic phase space variables read

F
£ 4" = =i 3V, R+ ™)
m=1 (23)
F(R) =i Z [0,Vn(R) = V(RO ]
(24)
in the diabatic representation, 1112320 4nd

N(n)

® + 5" (®) = —12veﬂ°<n P)E"(R) + ip" (R)]

(25)

(R)_lz[ L(R)VED(R, P) — VEO(R, P, (R)]

(26)

in the adiabatic representation. Here, the elements of
the effective potential matrix in the adiabatic representation are

11,12,320

Vi (R, P) = E,(R)3,, — iM"'P-d,,,(R) (27)

Define g = x + ip and §(R) = X(R) + ip(R). Integrating eqs 23
and 24 over t with fixed R leads to the propagation of
electronic phase space variables in the diabatic representation

within a finite time-step A20350
ine = U(R; At)gt (28)
T, = UR; AOLU'(R; At) (29)

where the propagator in the diabatic representation reads

U(R; At) = exp(—iV(R)At) (30)
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Similarly, integrating eqs 25 and 26 over t with fixed R and P
yields®?

gt+At(R) =U(R, P; At)gt(R) (31)

L. a(R) = O(R, P; ANT(R)T(R, P; Ar) (32)
with the propagator in the adiabatic representation

U(R, P; At) = exp(—iV*(R, P)At) (33)
For a given effective electronic density matrix

p(R) =p(x(R), p(R), ['(R))

1+ Tr[ F]
= —— g &+ P)E-p) -
&'z +p'p) (34)

in the adiabatic representation, the EOMs of NaF for nuclear

DOFs read®*>3%*
R=MP
P = Eg, + Eonadi. (35)
where
Ego = —WE jm(R) (36)

denotes the adiabatic force provided by the adiabatic electronic

state, l¢p; (R)), and

nonadla = Em(R))dmn(R)ﬁnm (R)

Z (E.(R) —

n#m (37)

represents the nonadiabatic force. Here, p,,(R) denotes the
matrix element of #(X(R), p(R), ['(R)). Equation 37 has an
equivalent form to the nonadiabatic force in Ehrenfest-like
dynamics of CMMcv.'"**° When the time-reversal symmetry
holds, F, g4, of eq 22 is a correction term to the nonadiabatic
nuclear force in eq 37. This correction term involves the
derivative with respective to nuclear coordinate R of
nonadiabatic coupling vector d(R), which is often costly to
obtain. Nevertheless, the contribution from eq 22 to the
nonadiabatic nuclear force is typically small in most cases and
should be neglected with caution. When the nonadiabatic
nuclear force of eq 37 is neglected, the EOMs in eq 35 lead to
the BO trajectory employed in SH methods (where nuclear
kinematic momentum P should be used). Since eq 37
intrinsically provides feedback of electronic coherence to
nuclear motion, it should never be disregarded in the state—
state (nonadiabatic) coupling regions where the term, (E,(R)
= E,(R)d,,(R) = (¢, (RINRFL(R)Ip,(R)) (1 # m), plays a
role. The adiabatic nuclear force in eq 36 can be determined
either by the weight stochastically or by the dominant

component deterministically.””>*** In the latter case, eq 36
reads
adla = Z Vi Ek(R) H h(pkk (X(R)) P(R)) F(R))

k=1 j#k

- 7;x(R), p(R), T(R))) (38)

with h(x) denotes the Heaviside step function. The relation
between the EOMs of NaF and the exact EOMs in the
generalized coordinate-momentum phase space formulation of

https://doi.org/10.1021/acs.jctc.5c00181
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quantum mechanics is discussed in Section S9 of the
Supporting Information.
In NaF the mapping energy on quantum phase space

FUNR e, g
Hy(R P, 7) = “P'M P+ E, (R) 9)
in the adiabatic representation for each trajectory should be
conserved. Here, E}(R) is the adiabatic PES of the single

electronic state which contributes to the nuclear adiabatic
force. As discussed in ref 12 and already implemented in refs
11, 12, 320, 321, and 347, the RHS of eq 39 is the same
mapping energy (with nuclear kinematic momentum P) on
quantum phase space that the SH trajectory should conserve,
even when nuclear DOFs are treated quantum mechanically
and the nuclear initial condition is sampled on Wigner phase
space. Since the nuclear kinematic momentum rather than the
nuclear canonical momentum is involved in the mapping
energy, in NaF the corresponding mapping energy (eq 39)
should not be used to generate the EOM:s for (R, P; %, p, I)
on quantum phase space. In our previous works,”>*** we
employed a momentum rescaling approach to ensure that the
trajectory generated by eqs 35—37 conserves the correspond-
ing mapping energy (eq 39) for NaF. That is, the mapping
energy of eq 39 on quantum phase space is conserved by
rescaling P along its direction after each time-step. In Section
S1 of the Supporting Information, we demonstrate that this
approach corresponds to the effective nonadiabatic force
perpendicular to nuclear velocity M™'P in the infinitesimal
time-step limit. Similar treatments have been discussed in
Section S2 of the Supporting Information®" of ref 324. When
the state with the dominant weight is switched, the nuclear
kinematic momentum is also rescaled along its direction to
achieve energy conservation if possible. In cases of frustrated
switching, the occupied state, j,., is not changed, even though
this state no longer holds the dominant weight. The
corresponding complete integrator is described in refs 322
and 324. Below we introduce a more efficient integrator for
NaF.

Here we propose two important elements for efficiently
integrating the EOMs of NaF within a finite time-step At. The
first element is the numerical integrator for the effective
nonadiabatic force as derived in Section S1 of the Supporting
Information, and the second one is the more efficient
numerical integrator scheme “P-e-R-e-P”. Combining these
two elements, the complete integrator for the EOMs of NaF
for a finite time-step At then reads:

1. Update the nuclear kinematic momentum within a half
time-step At/2 using the adiabatic force

At
Pt+At/2 <P - VREfela(Rt)T (40)

2. Update the nuclear kinematic momentum within a half
time-step At/2 using the numerical integrator for the
effective nonadiabatic force for the N, > 2 case,

nuc =—
Pian < CI(RN LN ﬁt; At/Z)Ml/ze”(Rt, ﬁt)
+ (R, Bypyn B, At/2)M?
X HL(RH L IUNYEY ﬁt) (41)

where
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C](RI Pr ﬁr At)
2BA
(o) = 2By,) + (o + 2By, )exp[—m
BA
(J2Ey, — o) + (o) + 2B, )exp[— \ZZET:,]

(42)

=4 2E,

CZ(R) P/ ﬁl At)

2 ZEmexp[— \%]
= A
(J2Ey, — a)) + (o + 2B, )exp[—%] (43)
Here, Ey,, = PTM'P/2 is the total kinetic energy, (R,

p) denotes the unit vector for the direction of vector

B=M"2) j (E(R) - E,(R))d,,(R)

n#Em
— M2 Z élm<¢m(R)|VRﬁel(R)l¢”(R)>
n#Em

B represents the scalar length of vector B, I} = oe =
(M_I/ZP-e”)e” and HJ_(R, P, ﬁ) = M_I/ZP - a||e” are the
components of IT = M~/?P parallel and perpendicular
to B, respectively. The integrator eq 41 conserves the
total kinetic energy Ey;, = P'M™'P/2. For the N, = 1

nuc
/2 .
is very small or

case, this step is skipped. When Ba2

2By, (t
very large, please refer to arguments below and Section
S1 of the Supporting Information of this paper for
details of additional treatments.

. Update phase space variables of electronic DOFs within

a half time-step At/2 according to

8ian < U(R, Poiaes At/Z)gt (44)

INﬂt-{-At/Z « ﬁ(Rt) I)H'At/Z). At/z)t

X GT(RV P at/2s At/2) (45)

. Update the nuclear coordinate within a full time-step At

-1
Ryjar < Ry + MRy, AL (46)

. Update phase space variables of electronic DOFs within

the other half time-step At/2 according to

8iae © U(R,; a0 LAINYEY, At/z)gwm/z (47)

Liae < ORyap Pynos A/2)T A

X ﬁT(Rt+AH Pt+At/25 At/2) (48)
Calculate the effective electronic density matrix p
according to eq 34.

. Determine a new occupied state j,., based on p and

rescale P if j . # joiar

[ 5 _
P P | Hyx(Reyan Biarja p[+A[) E;‘mw(RHAt)
« |
t+At/2 t+At/2 T -1
‘\‘ Pirat/ oM Piyar/
2

(49)
If HNaF(Rt+At) Pt+At/2) ﬁt+At) < Ej,mw(RHAt); the SWitChing
of the adiabatic nuclear force component is frustrated. In

such a case we keep j,e, = joiq and the rescaling step (for
the nuclear kinematic momentum) eq 49 is skipped.

https://doi.org/10.1021/acs.jctc.5c00181
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7. Similar to Step 2, update the nuclear kinematic
momentum within the other half time-step At/2 using
the numerical integrator for the effective nonadiabatic
force for the N . > 2 case

nuc

- 1/2 -
Poar < a(Ripap Prayo Pryner At/2)M eH(RH—At’ pf+Af)

- 1/2
+ (Resap Biar Piinrr At/Z)M/

X HJ.(RI+AU Pt+At/2r ﬁH.A,)

Bt+ArAt/2
V2E(t+ At/ 2)

refer to arguments below and Section S1 of the
Supporting Information for additional details.

(50)
When

is very small or very large, please

8. Update the nuclear kinematic momentum within the
other half time-step At/2 using the adiabatic force

At
P P — VRE. (R —
t+Ar < Erpar R ;W( t+At) %y (51)

In Steps 2 and 7 of the integrator above for the N, > 2

case, two additional cases should be taken care of for achieving
numerical stability. When BAt/(,/2E,y, ) in eqs 42 and 43 is
very small (e.g, BAt/(2,/2E;, ) < 107%°) in the region where
the nonadiabatic coupling almost vanishes, we use the

following integrator to replace the one in Steps 2 and 7 (for
a half time-step, Az = At/2):

B-M /P

P« [1 + Az ]P - AtM'?B

Ekin (52)

Conversely, BAt/(2./2E,, ) is very large in the region where

the NaF trajectory approaches the “classical” forbidden region
(Ein — 0). In this region, if M™'?P and B are nearly parallel

with each other in the same direction (@/ \/2Ey;, — 1), a self-

adaptive time-step strategy should be employed to avoid
numerical instability in the integrator eq 41. (Please see
Section S1 of the Supporting Information for more details.)
This complete integrator for a finite time-step At for NaF is
applicable to general systems, regardless of whether the
diabatic representation is available or not.

As mentioned in refs 322 and 324, several models defined in
the diabatic representation (such as the FMO model and the
singlet-fission model tested in the two references) require a
considerably shorter time-step for numerical convergence
when employing the propagator in eq 33 to propagate the
electronic phase space variables in the adiabatic representation.
When the diabatic representation is rigorously defined, we
present two approaches to enhance the efficiency of NaF by
taking advantage of that the diabatic basis set is available. The
first approach is to use the covariant electronic propagator in
the adiabatic representation according to its counterpart in the
diabatic representation (eqs 28 and 29), rather than using eqs
31 and 32 for propagating electronic DOFs. This approach is
equivalent to evolving electronic DOFs in the diabatic
representation while nuclear DOFs are propagated in the
adiabatic representation. (See more details in Section S2 of the
Supporting Information.) The second approach is to express
the nuclear force of the second equation of eq 35 of NaF (the
sum of the adiabatic force and the nonadiabatic force) in the
diabatic representation and to evolve both nuclear and
electronic DOFs in the diabatic representation, as described
in Section S3 of the Supporting Information.
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2.4. Time Correlation Functions. Consider the TCF of
electronic DOFs

Dy i(t) = Trlln)(mle™1k) (e~ (53)
where the (n=m, k=1),(n=m, k#1),(n#m,k=1),and (n
# m, k # 1) cases of eq 53 stand for the (electronic)
population-population, population-coherence, coherence-pop-
ulation, and coherence-coherence TCFs, respectively. The
unified framework of ref 324 maps D,,, (t) to the phase space
counterpartl 1,12,319,322—324 !

1
Cnm,kl(t)

D, (t)= [are@) [ dulx D, 400 1575 0)
SkpTir) ’

(54)

where du(x, p, I') denotes the integral measure over the
mapping CPS, w(y) represents the normalized weight (i.e.,
quasi-probability distribution) function (of 7) as first proposed
in ref 12 and C,, (t) denotes an element of the time-
dependent normalization factor tensor.”*”*** The integrand
function of electronic phase space variables in eq 54 can be
determined in various ways. One typical choice for developing
trajectory-based dynamics methods is'>*'"?**%**

Qnm,kl(xo’ Pol r()i X4 Pt’ Ft)

= Tre[|n><m|12ele(xol Po’ FO)]Tre[Ik><”f<eIel(XN Pﬁ I‘t)] (55)

where K (x, p, I') denotes the inverse mapping kernel of CPS,
and {x, p, I';} represents the phase variables of the trajectory
at time ¢ with the initial condition {xy, po, I'o}. The simplest yet
useful case where I' = y1 in the electronic mapping kernel and
its inverse is often utilized.'"'*?'*7*%3** The constraint of the
corresponding CPS reads

Sk, piy) =96 - (1+Fy)

3 G 6
n=1 2
with y € (=1/F, + ),'**" yielding the U(F)/U(F-1)
complex Stiefel manifold.'” Our previous works have presented
several different forms of the electronic mapping kernel and
pointed out that even for the same electronic magping kernel,
inverse mapping kernels, are not unique.'>***~%*
Below we list several types of TCFs in the CPS
representation, and construct the corresponding NaF methods.
Covariant-Covariant. The mapping kernel and the inverse

mapping kernel are given by’"”
F
%4 1 n s (n m . (m
Balsp) = 2 [ 1674906 = 7)< 18, o
n,m=1
(s6)
| 1+F
o = k) 4 B (D (O
RiGop)= 2 O+ i) - ip?)
do 1201 + Fy)?
1—
M 3Y
1+ Fy (57)

In this case, the normalization factor is C,,,;(t) = 1, with the
invariant integral measure du(x, p) = Fdxdp. The weight
function is often set to a Dirac delta function w(y) = 6(y — y,)
with an adjustable parameter y, € (=1/F, + o0),”"” although
other reasonable choices for w(y) are possible.'” We denote
eqs 54 and 5SS combined with eqs 56 and 57 as the covariant-

https://doi.org/10.1021/acs.jctc.5c00181
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covariant (cc) TCF. The term “covariant” implies that the
mapping kernel and the inverse mapping kernel satisfy

UK, (x, p)U = K (ReU(x + ip), Im U(x + ip)),

UK, \(x, p)U" = K!

ele

(ReU(x + ip), Im U(x + ip))
(s8)

for arbitrary F X F unitary matrix U. The cc TCF is always able
to produce the exact population and coherence dynamics in
the frozen nuclei limit for F > 2. The initial sampling of the
variables {x, p} for electronic DOFs is according to the
uniform distribution on one (2F — 1)-dimensional sphere
S(x, p; 7).

The cc TCF was employed by CMM in 2019 and by
CMMcv in 2021 in refs 11 and 318—320. In spirit of the
unified framework of mapping models with coordinate-
momentum variables of ref 235 reported in 2016, the CMM
methods on CPS were first proposed and derived in ref 318 in
2019 for nonadiabatic systems with general F states (F > 2).
The CPS with coordinate-momentum variables with the
general value of y was first indicated by egs (1), (5), (7),
(19) and (28) of ref 318 and the CPS with action-angle
variables for the y = 0O case was first presented by eqs (A4)-
(AS) of Appendix A of ref 318. The strategy of using action-
angle variables to establish or prove the CPS representations
was first employed in Appendix A of ref 318, then in refs 323
and 324, while the same strategy of using coordinate-
momentum variables instead was presented in refs 12 and
319. Section S4 of the Supporting Information of this paper
revisits the strategy of using action-angle variables of CPS of
Appendix A of ref 318 only for education purposes. In ref 318,
the constraint of eq 28 and the Hamiltonian model of either eq
7 or eq 19 inherently indicate the complex Stiefel manifolds
U(F)/U(F-r) (with 1 < r < F).>>>7%*® More specifically, in ref
318, the constraint of eq 28 and the Hamiltonian model of eq
7 with {y,,, = ¥5,,,; V1, m} intrinsically imply the U(F)/U(F-1)
complex Stiefel manifold, and the constraint of eq 28 and the
Hamiltonian model of eq 19 with {¥,, = ¥5,,; Vn, m} in
principle leads to the U(F)/U(F-2) complex Stiefel manifold.

Following refs 235, 318, and 352, ref 319 explicitly showed
that the phase space parameter, y, should lie in a continuous
range (—1/F, + o), and refs 11, 12, and 320 first pointed out
that the P, W and Q_versions of Stratonovich phase space
correspond to only three special cases of the U(F)/U(F — 1)
constraint phase space used in CMM with y = 1,
(WF+ 1 —1)/F and 0. These three conventional versions
of Stratonovich phase space®”**"*3333%353 wyere used for
studying nonadiabatic dynamics of composite systems for the F
=2 case in refs 337 and 338, and later for the F = 2 case in ref
354, then for the multistate case (F > 3) in ref 204 in 2020.
Their relations to the CMM/CPS approach first originally
developed in refs 235 and 318 for general F-state systems, were
presented in ref 320 in 2021, and in ref 11 Appendix 3 of ref
12, ref 355, and ref 356. For example, a special case for phase
space parameter ¥ in CMM?>?>3187320 yhere
y=(KHF+1 —1)/F of the U(F)/U(F — 1) constraint
phase space is used, is related to the W version of the spin
mapping method in ref 204 for general F > 3 cases, where the
conventional W version of the SU(F)/U(F — 1) Stratonovich
phase space®®?****? is implemented. More details are
presented in Appendix 3 of ref 12 on the relation as well as
subtle difference between the U(F)/U(F — 1) constraint
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coordinate-momentum phase space with 2F variables and the
SU(F)/U(F — 1) Stratonovich phase space®"****>? with 2F —
2 variables. The U(F)/U(F — 1) constraint coordinate-
momentum phase space inherently includes a time-dependent
global phase variable and naturally leads to the linear EOMs of
quantum mechanics in the frozen nuclei limit. More recently,
the twin-space representation with CMM/CPS has been
proposed in ref 357.

Similar to CMMcv,**® when NaF is combined with the “cc”
TCF (leading to the NaF-cc method™”), it is essential to
involve the commutator matrix in calculating nuclear force for
satisfying the Born—Oppenheimer limit, where the initial
condition reads”*’

)+ )

6., n=m
2

L0 =

0, n;ém

Here j, denotes the label of the initially occupied state. We
have shown that y, € [(VF + 1 — 1)/F, 1/2] is recommen-
ded for NaF-cc,”*” and we employ 7, = 1/2 for NaF-cc
throughout this paper. (That is, the weight function is w(y) =
8(y — 1/2).)

As demonstrated in refs 325 and 326, the mapping kernel as
well as its inverse are not unique, while eqs 56 and 57 denote
only a special choice (the covariant form). Several other kinds
of mapping formalisms are discussed below as well as listed in
ref 326.

Triangle Window Functions. We follow the formalism in
refs 323 and 324 for describing the TCF with TWFs. The
mapping kernel is given by

(59)

F
Ry(x p) = Z W, (x, p)ln)(nl + %

n=1
x (2™ — ip<m))|n>(m|

with the TWF for the n-th state'®>20%324

F
Y Y Wi + i)
n#Fm j=

j=n,m

(60)

2(FF -1
wx ) = 2E L6 - P - i - o)
F
X H h(2 — ek — e("))
k#n (61)

where ™ = [(x™)> + (p)2]/2. For the population-
population and population-coherence TCFs (i.e., eq 5SS with
n = m), the corresponding inverse mapping kernel reads

F F
Koo (%, p) = 2, h(e® — 1) [T w1 = eMliey(u
k=1 j#k
o1
+ E(x(k) + ip™) D — ip™)lky(

k#l (62)

For the coherence-population and coherence-coherence TCFs
(i.e., eq SS with n % m), the inverse mapping kernel is set to be

F
5 - 1 . .
Ratop) = [Ew + G0 =) = 8u/3 )R
k,l=1
(63)

(Note that in principle eq 63 can also be used for the
population-population and population-coherence TCFs.**°)
The weight function reads
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EVE

F Fol F-1
1+ ) o<y<
() = FF = 1( ¥) 4 -

0, otherwise (64)

and du(x, p) = Fdxdp. Since y does not appear explicitly in the
integrand, Q,,,u(Xo Poy Xy Py), for CPS with TWFs, it can be
integrated over exactly, leading to’**

(F-1)/F _
f dyw(y) f du(xo, p,)Q,,, (X0 Py X0 P,)
0 S(xp;7) ’

F-F!

= " [axdpQ  .(x, p. X,
(Zﬂ)F(FF _ 1) f 0 POQnm,kl( 0 PO t Pt)

(65)
Finally, the time-dependent normalization factor reads
F-F! <
—— dxodp,Q,, (Xo Py X B), n=m; k=1
Cot) = (2n)F(FF—1>,§/ OB By o ) 7 =
1, otherwise
(66)

The TCF with TWFs for population dynamics (with eqs 60
and 62 for the n = m and k = | case) was first introduced by
Cotton and Miller,'”>*%° of which the F = 2 case belongs to the
novel class of exact phase space representations of the pure
two-state system in ref 323 and yields exact population
dynamics in the frozen nuclei limit. Although it fails to produce
exact population dynamics for F > 3 in the frozen nuclei limit,
the TWFs ensure a positive semidefinite population and
demonstrate reasonably good results for typical multistate
systems.”’”*** The above formalism for TCFs involving
coherence terms (i.e, n # m or k # [), which was first
proposed in ref 324 by us, satisfies the frozen nuclei limit for
arbitrary number of states. Reference 195 of Cotton and Miller
provides a simple algorithm for efficient sampling or evaluation
with TWFs, which is also described in details in our previous
work.***

Two possible approaches for combining NaF with TWEFs
have been proposed in ref 324. The first approach employs I' =
1/3, following the recommended zero-point energy parameter
1/3 of Cotton and Miller,'”>*% and is referred to as NaF with
TWFs (NaF-TW). The second method employs eq 59 as the
initial condition of the commutator matrix, which is denoted as
NaF with TWFs-2 (NaF-TW2). We have demonstrated that
both NaF-TW and NaF-TW2 are comparable with NaF-cc and
perform reasonably well for various benchmark gas-phase and
condensed-phase systems.***

Hill Window Functions. A novel positive semidefinite hill
window functions (HWF) is proposed in ref 326 for general F
> 3 cases, which can be utilized for constructing TCF
formalisms. As an example, when choosing the mapping kernel
as

L pOM (n)y2 MO (k)y2
ORI [ e AR e A

n=1 k#n 2
Eoo () 4 o (0 (m) _ o (m)
+ Z (=" +ip™)(x ip )ln)<m|
n#m 2 (67)

the corresponding inverse mapping kernel for population-
population and population-coherence TCFs (i.e., eq SS with n
= m) reads

1 F F x(k) 2 (k)\2 x(,-) 2 ()12
mmm=zn{<>2@>_<>+@q

k=1 j#k 2

(2 (k)\2 (2 ()2 BE)
XFx):@) _u>:@>] o

F
+ Z 7oﬁ(x(k) + ip(k))(x(l) - ip(l))|k>(ll
k1 (68)

with

3 60
B(F) = 7(F - 1) * 7(F + 13) (69)

where the diagonal terms of the inverse mapping kernel eq 68
are HWFs. The weight function is
w(y) =8(y — (VF+ 1 — 1)/F) and the invariant integral
measure is du(x, p) = Fdxdp. The (time-dependent)
normalization factor reads

F + 00
d f d a ; —mk=]
G ) = E f_ e ) emn 1(x0, P))Q,, (X0 By Xp B)y 1= m,

1, otherwise
(70)
Similar to the TCF with TWFs, the TCF with HWFs is
positive semidefinite for estimating electronic population. For
the F = 2 case, the population-population TCF can be related
to Appendix B of ref 294 in the frozen nuclei limit. In eq 68,
parameter

5 F-1

o = -
OFr1Y K

that appears in the population-coherence TCF can be related
to ref 295. The inverse mapping kernel for coherence-
population and coherence-coherence TCFs (i.e., eq S5 with
n # m) is identical to eq 57. Similar to NaF-TW and NaF-
TW2 of ref 324, we also consider two approaches to use HWFs
with NaF, namely NaF with HWFs (NaF-HW) and NaF with
HWFs-2 (NaF-HW?2). The initial condition of I" for NaF-HW
is defined as I' = (\/F + 1 — 1)1/F, ie., an invariant CPS
parameter, and that for NaF-HW2 employs eq 59.

The initial sampling procedure for variables {x, p} for
electronic DOFs with HWFs is listed below. For coherence-
population and coherence-coherence TCFs, the initial
condition of {x, p} is uniformly sampled on S(x, p; 7)

where y = (VF + 1 — 1)/F. For population-population and
population-coherence TCFs D, ,(t), the initial condition of
{x, p} is uniformly sampled on

F (n)\2 (n)\2 (k)\2 (k)\2

P+ )2 D2+ ")

St p; 1) [[ LR £
kkn 2 2

with the following sampling procedure for one phase point:

1. Uniformly sample a point on the (2F — 1)-dimensional
sphere S(x, p; 7).
2. If the phase variables of the point satisfy
GOR 4 (GOY (O 4 (O
2
the point as the initial condition. Otherwise repeat the

procedure until one point is accepted.

for any k # n, then accept

Covariant-Noncovariant. When the covariant mapping
kernel eq 56 is used as the mapping kernel K .(x, p) in eq
SS, in principle any function of phase space variables

https://doi.org/10.1021/acs.jctc.5c00181
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Table 1. CPS Representations of the Electronic Time Correlation Function (by Using Equations 53—55) in Sub-Section 2.4

Elements of mapping kernel
Method

nm kl
NaF-cc eq 56 eq 57
NaF-TW eq 60 eq 62 (n=m)
eq 63 (n# m)
NaF-TW2 eq 60 eq 62 (n=m)
eq 63 (n#m)
NaF-HW eq 67 €q 68 (n = m)
eq 57 (n # m)
NaF-HW2 eq 67 eq 68 (n =m)
eq S7 (n # m)
NaF-cx eq 56 eq 71

Elements of inverse mapping kernel
il

Normalization factor Initial Condition of

Weight function w(y) Comu (1)
8(r = 10)i 0 = 1/2 1 eq 59
eq 64 eq 66 11

3
eq 64 eq 66 eq 59
5(7_ F+F1_l) eq 70 \F+F1711
ﬁ(y— \/T_l) eq 70 eq 59
5(y S ) eq 72 eq 59

(regardless of whether it is covariant or noncovariant) can be
used as a matrix element of the inverse mapping kernel K} (x,
p), and the frozen nuclei limit is naturally satisfied as long as
the mapping formalism satisfies the exact mapping con-
dition.*”>**° This statement was first proved in ref 325 by us in
2022 and then in ref 326. When noncovariant phase space
functions are used in the inverse mapping kernel, the TCFs are
referred as the covariant-noncovariant (cx) TCFs in ref 326. As
an example, the inverse mapping kernel can be defined as

F-1 F (k)2 (k)\2
. 1(1+F, X +
Kelel(xl P) = E[ F}/ y_] Z h[i( ) 3 (p ) - 1]|k><k|
k=1
F
+2
k#1

with the weight function w(y) = 6(y — (VF+ 1 — 1)/F),
and the elements of the corresponding normalization factor
tensor are

1+F

Sa s - BOma

LIS
_ dVW(V)/ du(xop))Q,, (X0 Py Xy B), n=m k=1
Cnm,kl(t) = /:21‘/0 S(xp;7) OROT 0 For T B ’
1, otherwise

(72)

The invariant integral measure for cx is du(x, p) = Fdxdp. The
cx TCFs satisfy the frozen nuclei limit. It is straightforward to
implement NaF with the cx TCFs, which is denoted as NaF-cx.
The initial condition of (x, p) is uniformly sampled on
S(x, p; y) withy = (JF + 1 — 1)/F. Similar to NaF-cc, the
commutator matrix with the initial condition in eq 59 is also
critical for NaF-cx to approach the correct Born—Oppenheimer
limit.

Finally, when both nuclear and electronic DOFs are
considered, the phase space counterpart of the quantum TCF

D(t) = Tr, [p,. ® In)(mle™(B,.. ® k) (™) (73
can be written as
1
pW = o fa®m) fartr) [ autepT)
X /)nuc(R’ P)Bnuc(Rtr I’[)Q"m’kl(xr p, v t) (74)

where the phase space functions of nuclear operators are

(R, P)] (75)

nuc

A (R, P) = Tr[p K

nuc

-1
nuc

B, (R, P) = Tr,[B,, K, .. (R, P)] (76)
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Here, when not otherwise specified, an operator of pure

nuclear DOFs B, is treated as B, ® Zf=1|k><kl. When

Wigner phase space is employed for nuclear DOFs, the inverse
mapping kernel K .(R, P) is identical to the mapping kernel
defined in eq 18. In this paper, we utilize only Wigner phase
space’ for nuclear DOFs. We note that other quantum phase
space representations for nuclear DOFs'”'*'® may also be

feasible for the NaF implementation.

3. NUMERICAL RESULTS OF MODEL SYSTEMS

In this section, we apply the NaF methods outlined in Sub-
Section 2.4 and listed in Table 1 to various typical model

Table 2. Number of Trajectories and the Time-Step Size for
NaF Methods for Benchmark Models

Model Time-step Size Number of trajectories

Pyrazine LVCM 0.01 fs ~10°
Cr(CO), LVCM 001 fs ~10°
Thymine LVCM 0.01 fs ~10°
Tully models 0.01 fs ~10°
3-state photodissociation models 0.01 fs ~10°
2-state photodissociation model 0.01 fs 6 x 10°
Spin-boson models 0.01 au ~5 X 10°
FMO model 0.5 fs ~10°
Singlet fission model 0.005 fs ~10°
Atom-in-cavity models 0.1 au ~10°
One-dimensional Holstein model 0.5 au ~10°

systems, including linear vibronic coupling models, one-
dimensional nonadiabatic scattering models, system-bath
systems with two or more states, and atom-in-cavity models.
The results produced by NaF methods will be compared with
the numerically exact results. Additionally, we employ three
SH methods for comparison with NaF methods, namely, SH-
1,° SH-2""° and SH-3.””* Because SH-3 is applicable to only
two-state systems, its results are but available for the two-state
cases in the following benchmark tests. Unless otherwise
specified, the TCFs are calculated in the diabatic representa-
tion in all cases where exact results are available only in the
diabatic representation. While simulations using SH methods
can only be performed in the adiabatic representation, NaF
simulations can be performed in either the adiabatic or diabatic
representation, leading to same numerically converged results
(see Section S3 of the Supporting Information).

Our simulations are conducted on the new Sunway
supercomputer. The heterogeneous platform is composed of

https://doi.org/10.1021/acs.jctc.5c00181
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Figure 1. Results of the 24-mode LVCM for pyrazine. Panels (al)-(a4): Population of the state 2. Panels (b1)-(b4): The average dimensionless
coordinate (R(t)) of the nuclear normal mode vg,. Panels (c1)-(c4): The average dimensionless momentum (P(t)) of the nuclear normal mode v,
In panels (al), (b1) and (cl1), the green, blue and cyan solid lines represent the results of NaF-cc, NaF-cx and NaF-TW, respectively. In panels
(a2), (b2) and (c2), the cyan, pink, orange and magenta solid lines represent the results of NaF-TW, NaF-TW2, NaF-HW and NaF-HW2,
respectively. In panels (a3), (b3) and (c3), the orange dashed line, purple dashed line, brown dashed line and cyan solid line denote the results of
SH-1, SH-2, SH-3 and NaF-TW, respectively. In panels (a4), (b4) and (c4), the blue dashed line, green dashed line and cyan solid line denote the
results of CMM (y = 0.366), CMM (y = 0.5) and NaF-TW, respectively. The numerically exact results produced by MCTDH>" are demonstrated

by black solid lines with black points in each panel.

millions of SW26010-Pro CPUs, each with 6 core groups
(CGs) of a management processing element (MPE), 64
computing processing elements (CPEs) and 16 GB DDR4
memory. By implementing our nonadiabatic dynamics
program with MPI and Athread, it can take full advantage of
the super large-scale. The program package greatly enhances
the efficiency of simulating long-time dynamics of nonadiabatic
systems with numerous DOFs. Table 2 provides the
parameters (the time-step size, the number of trajectories,
etc.) for obtaining fully converged results of NaF methods for
each benchmark model. We divide the trajectories into 20
groups to calculate the standard error of each physical
property. The error bar for each result is plotted in the figure,
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although it is often smaller than the width of the line or the size
of the marker. Similar numbers of trajectories are used in SH
methods for obtaining fully converged results. We note that the
number of NaF trajectories or SH trajectories can be
considerably decreased when a larger error bar is tolerated.

3.1. Linear Vibronic Coupling Models. The linear
vibronic coupling model (LVCM) is a typical model for
studying dynamics around molecular conical intersections. The
Hamiltonian (in the diabatic representation) is H = H, + H,
with

(77)

https://doi.org/10.1021/acs.jctc.5c00181
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Figure 2. Results of the 3-mode LVCM for pyrazine. Panels (al)-(a4): Population of the state 2; Panels (b1)-(b4): The average dimensionless
coordinate (R(t)) of the nuclear normal mode vy,; Panels (c1)-(c4): The average dimensionless momentum (P(t)) of the nuclear normal mode v,
In panels (al), (b1) and (cl1), the green, blue and cyan solid lines represent the results of NaF-cc, NaF-cx and NaF-TW, respectively. In panels
(a2), (b2) and (c2), the cyan, pink, orange and magenta solid lines represent the results of NaF-TW, NaF-TW2, NaF-HW and NaF-HW2,
respectively. In panels (a3), (b3) and (c3), the orange dashed line, purple dashed line, brown dashed line, and cyan solid line denote the results of
SH-1, SH-2, SH-3 and NaF-TW, respectively. In panels (a4), (b4) and (c4), the blue dashed line, green dashed line and cyan solid line denote the
results of CMM (7 = 0.366), CMM (y = 0.5) and NaF-TW, respectively. The numerically exact results produced by MCTDH™" are demonstrated

by black solid lines with black points in each panel.

where ﬁ and fk(k =1, .., N) represent the dimensionless
weighted normal-mode momentum and coordinate of the k-th
nuclear DOF, respectively, and w, represents the correspond-
ing vibrational frequency. The relation between {R;, P} and
the corresponding canonical (mass-weighted) coordinate/
momentum, {R,, P}, in the diabatic representation reads
R, = Jo(R, and B, = B/ [w,. The electron—nuclear cou-

pling term is

. F
H. = Z(
n=1

Nnuc —~
Z i k(nm)Ek
k=1

ln)(nl + 2

n#Em

Nnuc —~
E, + Y, k"R
k=1

]ln)(ml
(78)
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where E, (n = 1, ..,F) represents the vertical excitation energy
of the n-th state, while k< and A{"" denote the linear coupling
terms of the k-th nuclear DOF for the corresponding diagonal
and off-diagonal elements, respectively.

Two typical 2-state LVCMs for pyrazine—the 3-mode
model of ref 358 and the 24-mode model of ref 359 are
considered. The 3-state 2-mode LVCM of ref 360, which
describes the dynamics of Cr(CO)s through a Jahn—Teller
conical intersection after photodissociation, is also tested. The
parameters and more details of these three models are
described in refs 358—360 and also summarized in our
previous work.”*” Both electronic population and nuclear
properties are investigated and compared with the numerically

https://doi.org/10.1021/acs.jctc.5c00181
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Figure 3. Results of the 2-mode LVCM for the Cr(CO)s molecule. Panel (al)-(al0): Population dynamics, where the black, red and blue solid
lines represent the population of states 1—3, respectively, and the numerically exact results (taken from ref 360) are plotted by dashed lines with
corresponding colors. Panel (al): NaF-cc. Panel (a2): NaF-cx. Panel (a3): NaF-TW. Panel (a4): NaF-TW2. Panel (aS): NaF-HW. Panel (a6):
NaF-HW2. Panel (a7): SH-1. Panel (a8): SH-2. Panel (a9): CMM (y = 0.333). Panel (al0): CMM (y = 0.5). Panels (b1)-(b4): The average
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Figure 3. continued

dimensionless coordinate (R(t)) of the second nuclear normal mode. In panel (b1), the green, blue and cyan solid lines represent the results of
NaF-cc, NaF-cx and NaF-TW, respectively. In panel (b2), the cyan, pink, orange and magenta solid lines represent the results of NaF-TW, NaF-
TW2, NaF-HW and NaF-HW2, respectively. In panel (b3), the orange dashed line, purple dashed line and cyan solid line denote the results of SH-
1, SH-2 and NaF-TW), respectively. In panel (b4), the blue dashed line, green dashed line and cyan solid line denote the results of CMM (y =
0.333), CMM (y = 0.5) and NaF-TW, respectively. Note that SH-3 is not applicable for this 3-state model. The numerically exact results produced
by MCTDH (taken from ref 360) are demonstrated by black solid lines with black points in panels (b1)-(b4).
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Figure 4. Results of the 39-mode LVCM for the Thymine parametrized from the CAM-B3LYP calculations. In each panel, population dynamics of
3 states are demonstrated, where the blue, green and orange solid lines represent the population of the noz*1 state, the zz*1 state and the 7z*2
state, respectively. Panel (a): NaF-cc. Panel (b): NaF-cx. Panel (c): NaF-TW. Panel (d): NaF-TW2. Panel (e): NaF-HW. Panel (f): NaF-HW2.
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panel.

exact results produced by MCTDH."** The Heidelberg
MCTDH package (V8.5)*°" is employed for producing the
exact data of the LVCM:s for pyrazine, while the benchmark
data of the Cr(CO); model are directly obtained from ref 360.

In addition, a 7-state 39-mode LVCM of Thymine’** is
investigated in this paper. This model, proposed by Improta,
Santoro and their co-workers, is established from CAM-B3LYP
calculations.”™ We only consider the case where the z7*2
state is initially occupied, with each nuclear mode in its
corresponding vibrational ground state. The exact results
provided by ML-MCTDH"*"*" are available in ref 362.
Although this LVCM includes seven states, we focus on three
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of them: the ngyz*1 state, the zz*1 state and the za*2 state.
These three states exhibit the most significant population
transfer among all the states.

Figures 1—3 present the results of the LVCM:s for pyrazine
and Cr(CO);, demonstrating both the electronic population
and nuclear properties. All SH methods and NaF methods
produce similar reasonable descriptions in both electronic and
nuclear dynamics of the LVCMs for these two molecules. We
also show the results of CMM?>3>318319 using the smallest and
largest values of y in the region [(vF+ 1 — 1)/F, 1/2]
recommended in refs 11 and 320. Although CMM often
demonstrates superior performance in various benchmark

https://doi.org/10.1021/acs.jctc.5c00181
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Figure S. Results of the SAC and DAC models. Panels (al) and (b1): transmission probabilities on the adiabatic ground and excited state of the
SAC model, respectively. Panels (c1) and (d1): transmission probabilities on the adiabatic ground and excited state of the DAC model,
respectively. In panels (al), (b1), (c1) and (dl), the green, blue, and cyan solid lines represent the results of NaF-cc, NaF-cx and NaF-TW,
respectively. Panels (a2), (b2), (c2) and (d2) are similar to panels (al), (b1), (c1) and (d1), respectively, but the cyan, pink, orange and magenta
solid lines denote the results of NaF-TW, NaF-TW2, NaF-HW and NaF-HW2, respectively. Panels (a3), (b3), (c3) and (d3) are similar to panels
(al), (b1), (c1) and (d1), respectively, but the orange dashed lines, purple dashed lines, brown dashed lines and cyan solid lines denote the results
of SH-1, SH-2, SH-3 and NaF-TW, respectively. The numerically exact results produced by DVR®® are demonstrated by black points in each

panel.

condensed-phase models, it may produce unphysical negative
populations and performs poorly for nuclear dynamics of
LVCMs, of which such drawbacks have already been
demonstrated in several (gas-phase) models in our previous
works, e.g,, in Figures 1 and 3 of ref 320 and Figure 7 of ref 12.
It is evident from Panel (a4) of Figure 1 for pyrazine and from
Panel (i) of Figure 4 for Thymine thaty = (VF+ 1 — 1)/F
should not be the best choice for phase space parameter y for
CMM for general real molecular systems. Figure 4 illustrates
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population dynamics of the LVCM for Thymine where 39
modes are included. Neither SH nor CMM methods offer
reasonable predictions for this model. In contrast, NaF
methods consistently demonstrate better performance in
reasonably describing the population transfer of this LVCM
model. Figure 4 for Thymine implies that the nonadiabatic
(nuclear) force can play an important role around CI regions
(for LVCMs) for real large molecular systems.

Although both CMM(cv) and NaF employ the CPS
formulation, Figures 1—4 show that NaF is superior to

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813
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Figure 6. Results of the ECR models. Panels (al) and (bl): transmission probabilities on the adiabatic ground and excited state, respectively.
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CMM(cv) for LVCMs of real molecular systems. Because gas-phase scattering problems with one nuclear DOF. We first

CMM(cv) employs Ehrenfest-like dynamics, the comparison in
Figures 1—4 agrees with the conclusion of refs 322 and 324

consider Tully’s three scattering models with one nuclear DOF

that NaF performs better than Ehrenfest-like dynamics when and two electronic states,”’ namely, the single avoided

both nuclear and electronic motion is considered in the
asymptotic region where the nonadiabatic coupling disappears.

crossing (SAC) model, the dual avoided crossing (DAC)

We then only focus on NaF with the CPS formulation in the model and the extended coupling region (ECR) model. The
following benchmark tests.

3.2. Nonadiabatic Scattering Processes in the Gas

potential energy operator in the diabatic representation is V(R)

Phase. We demonstrate the performance of NaF methods on = Vi (R)IN + Vi (R)I2)(21 + Vi, (R)(11){2] + 12)(1l), where
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Vi (R) = A(1 — e_BlRl)sgn(R) Vii(R) = +E,
Vp(R) = —V;4(R) Vy»(R) = —E,
V,(R) = Ce % (79) Vio(R) = Cle®™h(—R) + (2 — e *)1(R)] (81)
for the ECR model with B = 0.9, C = 0.1 and E, = — 0.0006,
for the SAC model with A = 0.01, B = 1.6, C = 0.005 and D = respectively. The system is initially in the electronic ground
state in the adiabatic representation with the nuclear mass M =
1.0 (all in atomic units, the same below), 2000 au and the nuclear wave function
Vy(R) = 0 W(R) oc ¢ R 2R (2)

V,y(R) = — A PR 4 E, The corresponding Wigner distribution of eq 82 reads

—a(R-Rp)*—(P-R)*/a
VIZ(R) — CC_DRZ (80) PW(R; P) X e 0 ’ (83)
where the center of the wave function, R, is set to —3.8, —10,
and —13 au for SAC, DAC, and ECR models, respectively. The
width parameter @ = 1. Initial momentum P, is adjustable. The
and E, = 0.05, and scattering probabilities of each channel in the adiabatic

for the DAC model with A = 0.1, B=0.28, C = 0.015, D = 0.06
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representation are investigated. For these three models, the
TCFs are directly expressed and calculated in the adiabatic
representation. The numerically exact results are produced by
using Colbert and Miller’s version of the discrete variable
representation (DVR) of ref 363.

Figures S and 6 illustrate the scattering probability in the
adiabatic representation for all Tully models versus P, SH-1
performs reasonably for the SAC and DAC models. Although
SH-2 and SH-3 are consistent with SH-1 in the large
momentum region, they perform worse than SH-1 in the
relatively small momentum region. For example, both SH-2
and SH-3 underestimate the transmission probability of the
electronic ground state in the SAC and DAC models for small
P,. Additionally, SH-2 even produces negative transmission
probabilities for the electronic excited state. All NaF methods
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yield relatively more accurate results than SH-2 for the SAC
and DAC models. For the more challenging ECR model, the
transmission probabilities obtained from SH-1 and SH-3 show
overall good agreement with numerically exact results. SH-2
and all NaF methods underestimate the transmission
probabilities on the electronic ground state in the intermediate
momentum region. NaF-cc also significantly overestimates the
transmission probability on the electronic excited state in the
intermediate momentum region, while SH-2, NaF-cc and NaF-
cx exhibit negative probability issues. NaF-TW, NaF-TW2,
NaF-HW and NaF-HW?2 yield more accurate results than
other NaF methods due to their positive semidefinite TCFs for
population dynamics.

In addition, we employ three anharmonic photodissociation
models with three electronic states, developed by Miller and

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://pubs.acs.org/doi/10.1021/acs.jctc.5c00181?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.5c00181?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.5c00181?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.5c00181?fig=fig8&ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation pubs.acs.org/JCTC
1 1 1
(@al) 0=0.1,0_=1 (@2) «=0.1,0 =1 (@3) «=0.1.0=1
£ o0s 05 05
Q . i
”
» I B AW
\ IRYRYAY
0 0 0 Al
o R o " . v ¢ Y .\.,
0 5 10 15 0 5 10 15 0 5 10 15
1 1 1
(b1)  a=0.4.0=1 (b2) 0=0.4,0 =1 (b3) =040 =1
05 05 05
E/ 0 0 0 \::3‘-‘}\\
05 05 05
0 5 10 15 0 5 10 15 0 5 10 15
1 1 1
(c1) a=0.1,0 =2.5 (c2) a=0.1,0 =2.5 (c3) a=0.1,0 =2.5
Cc Cc c
05 05 05
8 0 0 0 :
A e s b ¥
05 : R 05 - N
MR SR 0.5
0 5 10 15 0 5 10 15 0 5
1 1 1
(d1) a=0.4,0 =2.5 (d2) a=0.4,0 =2.5 (d3) 0=0.4,0 =2.5
Cc c [}
0.5 ® Exact 05 ® Exact 05 e Exact
—NaF-cc —NaF-TW -- SH-1
- —NaF-cx == SH-2
= 0 —NaF-Tw 0 — NaF-HW O'}{  --sH3
A — NaF-HW2 R —NaF-TW
050 W) 05 \ 05
.\————u—m .\m
1 A -1
0 5 10 15 0 5 10 15 0 5 10 15
tA tA tA
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co-workers.'*> The diagonal elements of the potential matrix in
the diabatic representation are Morse potential functions

V,(R)=DJ1 - e ARRP L Cc on=1,23 (84)

while the diabatic coupling elements are Gaussian functions:

—a,(R-R,,,)
Vnm(R) — an(R) — Anme @y ) ,

=1,2,3;n#m (85)

All parameters for these three models are provided in ref 185
and are also summarized in our pervious works.”*"*** We
present the results of only Model 2 in the main text, leaving the
other two models in Section S7 of the Supporting Information.
The initial values of the nuclear DOF with mass M = 20000 au
are sampled from the Wigner distribution function:

n, m
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PW(R; P) x e—Ma)(R—Re)Z—PZ/Mw (36)
Here @ = 0.005 au and R, = 3.3 au for Model 2. The electronic
DOFs are initially excited on the first electronic state. The
numerically exact results are produced by DVR.***

Panels (a)-(h) of Figure 7 present the electronic population
dynamics of Model 2 of the 3-state photodissociation models.
Interestingly, population dynamics generated by SH-2,
illustrated in panel (h) of Figure 7, exhibit unreasonable
oscillations. These oscillations are due to the unphysical
momentum reversal for the frustrated hops in the SH-2
algorithm.””> This can also be inferred from the nuclear
properties. Panels (i)-(k) of Figure 7 illustrate the nuclear
momentum distribution in the asymptotic region (t = 200 fs)
(See Sub-Section SI1-E of the Supporting Information”** of ref
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Figure 10. Similar to Figure 9, but illustrates the results of the modulus of the off-diagonal term Ip,,()I.

322 for further details), where panel (k) shows that the nuclear
momentum distribution of SH-2 has a greater proportion
falling into the negative momentum region compared to those
of SH-1 and NaF methods, indicating that the momentum
reversal procedure affects the direction of nuclear momentum
even in the long-time region. Note that SH-1 and all NaF
methods shown here do not involve any momentum reversal,
which consistently provide accurate descriptions for electronic
population dynamics of this model. (The algorithm of SH-1
utilized in this work can be referred to Section S7 of the
Supporting Information®*’ of ref 322) The differences in
performance of all NaF methods are marginal for the other two
models, but all of them slightly outperform SH-1 and SH-2, as
demonstrated in Section S7 of the Supporting Information.
We further test a two-state anharmonic photodissociation
model. The diagonal elements of the diabatic potential energy
matrix are identical to states 1 and 3 of Model 2 of the 3-state
photodissociation model, while the off-diagonal elements
follow eq 85 with parameters A, = A,; = 0.005 au, R}, =
R,; = 3.34 au and a;, = @,; = 8 au. All other computational
settings remain the same as those of Model 2 of the three-state
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photodissociation model. Figure 8 illustrates population
dynamics of the first diabatic state and the nuclear momentum
distribution at 200 fs of the 2-state photodissociation model.
As shown in panels (h) and (i) of Figure 8, both population
dynamics of SH-2 and that of SH-3 exhibit artificial
oscillations, indicating that the reversal of momentum in the
frustrated hopping event in the two SH algorithms leads to
unphysical behavior for the two-state benchmark model. As
demonstrated in panel (g) of Figure 8, SH-1 provides
physically correct population transfer behavior, but the results
considerably deviate from the exact data. In contrast, all NaF
methods consistently produce more accurate results for
population dynamics, as illustrated in panels (a)-(f) of Figure
8. All NaF methods and SH methods generate comparable
reasonable nuclear momentum distribution in the asymptotic
region.

3.3. System-Harmonic Bath Models. System-harmonic
bath models are widely employed to study condensed-phase
dissipative processes, quantum phase transitions, quantum
thermodynamics, heat/energy transport/relaxation properties,
and electron/proton transfer processes in physics, chemical,
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(g): SH-1. Panel (h): SH-2. Note that SH-3 is not applicable for this 7-state model. The numerically exact results produced by TD-DMRG

151—-160

for the same effective Hamiltonian in the discretization scheme are demonstrated by dashed lines with corresponding colors in each panel.

biological, materials, coluantum c0m7putation and quantum
information systems.”’%*'3?>33¢47373 These models also
serve as benchmark problems for testing nonadiabatic
dynamics methods,' 1 >191195200209318,319,322.324,374=377 1o
)
cause numerically exact results are often available by real-
: . 108-110,114—116,120
time path integral methods, (ML-)-
MCTDH,"**~"*7 TD-DMRG,"*' ' HEOM,"**™"*” efc. The
Hamiltonian operator can be divided into three parts: the
system part, the harmonic bath, and the bilinear coupling term:
A=A +H+H_, (87)
A typical example is the 2-state spin-boson model,**® whose
Hamiltonian is of the form

~ (spin-boson)
A" =

8 = €6, + Ag, (88)
(spin-boson) p 1 A2 2
2 (Spin-boson _ < A 2A
H, —ZZ(PJJF“’J‘RJ)
j=1 (89)
( in-b ) Nnuc
o' SPID- oson AL
H, = 2 Ré.
j=1 (90)

where 6, = 11){1l — 12)(2l and &, = 11)(2l + 12)(1l are the
corresponding components of the Pauli operators. Another
type is the site-exciton model,””® which reads
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r (site-exciton)

H, > by ln)(ml

n,m=1 (91)
(si iton) LR 1 A2 2
~ (site-exciton A 24
b =2 2 5B+ oR,)
n=1 j=1 (92)
( ) F N,
~ (site-exciton A
H_, = Z Z R, in)(nl
n=1 j=1 (93)
where N, = N, ./F represents the number of bath modes on

each site/state.

The frequencies, {®;}, and coefficients, {¢;}, of bath DOFs
are often obtained by discretizing the spectral density as first
suggested by Makri in ref 379. For the Ohmic spectral density

-w/w,

J(w) = gaa)e with Kondo parameter @ and cutoff

frequency o, the discretization scheme is often presented
25379380

w;=—a, In(1 —j/(1+N,))
=1, .

= waw/(1 + N,)

s N,
5= (94)
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20w, .
< with

Similarly, the Debye spectral density J(w) =

a)2+mrz
reorganization energ A and characteristic frequency . is
. . 135,374,381

discretized as ”77'"

1+Nb )j=1)'")Nh

6= w,m (95)

More recent progress on obtaining the harmonic-bath
parameters from molecular dynamics simulations has been
discussed in ref 382. The initial density is often set as the
tensor product between the density of system and the thermal
equilibrium density of bath DOFs:

b4
a)j=a)ctanzl—

p(0) = p ® e/ Tr[e M (96)

We first utilize four spin-boson models with Ohmic spectral
density at low temperature f§ = S. The values of the Kondo
parameter and the cutoff frequency are listed in @ € {0.1, 0.4}
and @, € {1, 2.5}, and the energy bias and the coupling are set
to € = A = 1. The system is initially in state |1} (that is, p, =
[1){11). 300 bath DOFs are utilized for each spin-boson model.
These models have been tested in refs 12, 319, 322, and 324,
where the numerically exact results produced by extended
hierarchy equations of motion (eHEOM)'**~'*7%% gare

available. In principle, one can also produce numerically
exact data from other benchmark methods. Figures 9 and 10
illustrate electronic population and coherence dynamics of all
spin-boson models, respectively. The results generated by SH
methods deviate from the exact data since relatively short time,
especially for the models with higher cutoff frequencies and
stronger system-bath coupling. In comparison, the data
produced by NaF methods exhibit better agreements with
the numerically exact results in all cases.

We also consider two multistate site-exciton models with
Debye spectral density, which are derived from real chemical
systems. The first model is the 7-state Fenna-Matthews-Olson
(FMO) model, which describes the exciton energy transfer
processes within the light-harvesting complex in green sulfur
bacteria.”"'****73* The system Hamiltonian is given by

12410 —-87.7 SS =59 67 —13.7 -99
—87.7 12530 30.8 8.2 0.7 11.8 4.3
5.5 30.8 12210 =535 —-22 -9.6 6.0
B -59 82 —53.5 12320 —70.7 —17.0 —63.3 |cm
6.7 0.7 =22 =707 12480 81.1 —13
-13.7 11.8 -96 -17.0 8L1 12630 39.7
=99 43 6.0 —633 —13 39.7 12440

>
|

(97)

The parameters of the spectral density are 4 = 35 cm™" and @,
=106.14 cm™". We employ 50 bath modes for each state. The
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first state of the system is initially occupied, with temperature
setat T =77 K. Numericallgr exact data are obtained from TD-
DMRG calculations, ' ~*%° using the same discretization
scheme to establish a Hamiltonian operator for the FMO
model, which are also employed by trajectory-based methods.
This ensures that all methods are fairly compared for a well-
defined quantum mechanical Hamiltonian operator. The
second case is a 3-state model used to describe the singlet
fission (SF) of pentacene.”'"**° The system Hamiltonian is

02 —005 0
Hg=|-005 03 —0.05[eV
0 -005 0 (98)

where the three states represent the high-energy singlet state
(S1), the charge-transfer state (CT), and the multiexciton state
(TT), respectively. The parameters of the Debye spectral
density are 4 = 0.1 eV and w, = 0.18 eV. 200 bath modes are
utilized for each state. The system is initially located at the S1
state, and the temperature is set at 300 K. The numerically
exact data for the SF model are obtained from HEOM.'**~"*°

Figures 11 and 12 present the results of electronic
population and coherence dynamics of the 7-state FMO
model, respectively. We evolve the trajectories up to 10000 fs,
approaching the long-time steady-state region. As shown in
Figure 11(g) and Figure 12(g), SH-1 is not able to produce
reasonable results for this model. Interestingly, although SH-2
outperforms SH-1 in the first 1000 fs, the long-time predictions
by SH-2 are not reasonable. SH-2 generates the unphysical
attenuation rather than the plateau for the population of the
third state, as well as for the coherence term |p,| after 2000 fs.
This indicates that SH-2 does not rationally describe the
steady-state region in the long-time limit. We note that the SH-
2 results shown in Figures 11 and 12 differ from those
presented in ref 295. This discrepancy arises because ref 295
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used the classical Boltzmann distribution instead of the Wigner
distribution for sampling the initial values of nuclear DOFs,
thus excluding any nuclear quantum effects (for bath modes)
during the simulations. TD-DMRG suggests that quantum
effects in nuclear dynamics are not negligible for the FMO
model at 77 K. Even when only electronic dynamics is
investigated, nuclear (bath) modes should be treated quantum
mechanically to predict time-dependent electronic properties
for the right reason. Compared to the exact data produced by
TD-DMRG using the identical Hamiltonian operator (with the
same number of bath modes), SH-2 fails to describe the
correct long-time asymptotic behavior in the steady-state
region when nuclear quantum effects are not neglected. In
comparison, all NaF methods, with nuclear (bath) DOFs
consistently sampled from the Wigner distribution, produce
overall reasonable results and outperform the SH methods.
While NaF-cc and NaF-cx yield more accurate population
dynamics in the first 1000 fs, NaF-TW, NaF-TW2, NaF-HW,
and NaF-HW?2 predict more reasonable long-time population
dynamics. In addition, NaF-TW, NaF-TW2, NaF-HW, and
NaF-HW?2 exhibit better performance than other NaF methods
in describing the coherence dynamics, especially in the long-
time region (after 1000 fs).

Figures 11 and 12 imply the importance of nuclear
nonadiabatic force for correctly describing the quantum
mechanical behavior of both electronic and nuclear motion
in the model system. Since the mixed quantum-classical limit
(where nuclear DOFs are treated classically and electronic
DOFs are treated quantum mechanically) is not defined
without any ambiguity for nonadiabatic systems where nuclear
motion and electronic motion are coupled, caution should often
be taken when nuclear DOFs are described by classical
mechanics in either thermodynamics or nonadiabatic transition
dynamics. For instance, when the number of path integral
beads becomes one in the adiabatic representation for coupled

https://doi.org/10.1021/acs.jctc.5c00181
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multi-electronic-state systems, nuclear DOFs are treated
classically, but such a mixed quantum-classical limit does not
always leads to consistent results for electronic thermodynamic
properties.376

The results of 7-state FMO model at zero temperature (0 K)
are presented in Section S7 of the Supporting Information,
which provides a significant challenging test for trajectory-
based nonadiabatic dynamics methods. When the initial
nuclear distribution is described by classical mechanics for
this case, it does not yield any meaningful results for NaF, SH,
or other independent-trajectory-based nonadiabatic dynamics
methods. Even in such a challenging case, NaF methods also
lead to reasonably good results (in comparison to the TD-
DMRG results) and consistently outperform SH methods. The
zero-temperature benchmark test case of the effective
Hamiltonian in the discretization scheme of the FMO model
in Section S7 of the Supporting Information is also heuristic.
The initial nuclear condition of many practical ab initio
photodynamics simulations is set to be the ground vibrational
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state of an electronic state (e.g, often the ground adiabatic
electronic state or a diabatic state) of the real multidimensional
molecular system before photoexcitation. Such an initial
condition is equivalent to the zero-temperature limit for
nuclear DOFs on a single adiabatic or diabatic state PES of a
complex molecular system.

Figure 13 illustrates electronic population dynamics of the
SF model. Similar to the FMO model, SH-2 also produces
noticeable attenuation of the population dynamics of the TT
state in the long-time dynamics region, in comparison to exact
results. In contrast to SH methods, NaF methods produce
overall more reasonable results.

3.4. Cavity Quantum Electrodynamics Processes. We
employ the atom-in-cavity models in refs 391 and 392 to test
NaF methods on cavity quantum electrodynamics (cQED)
processes.”' *'9*17* 1! Similar to the system-bath models, the
total Hamiltonian of the atom-in-cavity models can be
decomposed into three parts. The atomic part is expensed
by its eigenstates

https://doi.org/10.1021/acs.jctc.5c00181
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H = Z g ln)(nl

n=1

(99)

where ¢, denotes the n-th corresponding atomic energy level.
The optical field part reads

Nnuc
A=) wia+1/2)
j=1

(100)

where &; (a;) denotes the creation (annihilation) operator of
the j-th optical field mode, and w; represents the corresponding
photonic frequency. The coupling term is represented using
the dipole approximation as

N, F 7
A=Y /?’(aj + &) A (ro),, Iy (ml

=1 ngm (101)

where y,,, denotes the transitional dipole moment between the
atomic eigenstates In) and Im), and

A(ro) = {J2/€L sin(jary/L) (j =1, ..., N)

denotes the atom-optical field interaction. Here L = 2.362 X
10° au, &, and o = L/2 denote the volume length of the cavity,
the vacuum permittivity, and the location of the atom,
respectively. We utilize N, = 400 optical field modes with
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the frequency w; = jmc/L, where ¢ = 137.036 au denotes the
light speed in vacuum.

Two models are considered in this work, one is the two-state
model with the atomic energy levels &, = — 0.6738, &, = —
0.2798, and the dipole moments y;, = — 1.034. The other
model is the three-state model, which extends from the two-
state model with an additional atomic energy level &;
0.1547 and dipole moment 53 = — 2.536 (all in atomic units).
The system is initially located at the highest atomic eigenstate,
while each optical field mode is in the corresponding optical
vacuum state (ground state).

When trajectory-based methods are employed for simulating
these two models, it is more convenient to recast the optical
field modes by their canonical coordinates and momentum in
the diabatic representation

. I v v Y
= m @ +a), b= 1\/{(“; - &)
]

and treating {f{j, 131} as continuous nuclear DOFs. This implies
that one can map the optical field modes them onto the
Wigner phase space and employ trajectory-based methods to
study the evolution. Geva and co-workers have applied the
Meyer-Miller mapping model approach to study the same
211 .
systems.”~ Some more tests have also been performed in refs
11, 12, 320, 322, and 324. Here we compare the results

(102)
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obtained by the NaF and SH methods with the numerically
exact results yielded by truncated configuration interaction in
refs 391 and 392.

Figures 14 and 15 illustrate the results of all atom-in-cavity
models. All SH methods exhibit poor performance in both the
short-time spontaneous emission process and the re-
absorption/re-emission process at around 1800 au. In contrast,
all NaF methods offer a much better description of
spontaneous emission as well as the re-absorption/re-emission
processes, and predict more accurate population results in the
plateau region.

4. CONCLUSIONS

We have recently developed NaF, a conceptually novel
nonadiabatic dynamics approach with independent trajectories
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Figure 16. Benchmark results of y of the one-dimensional Holstein
model in ref 412 as functions of temperature. In panel (a), the green
hollow circles with green dashed lines, blue hollow squares with blue
dashed lines and cyan triangles with cyan solid lines represent the
results of NaF-cc; NaF-cx and NaF-TW, respectively. In panel (b), the
cyan triangles with cyan solid lines, pink hollow squares with pink
dashed lines, blue squares with blue solid lines, red points with red
dashed lines represent the results of NaF-TW, NaF-TW2, NaF-HW
and NaF-HW?2, respectively. In each panel, black points with black
solid lines denote the results of TD-DMRG. (Please see more details
in Section SS of the Supporting Information.) Figure S2(c) of the
Supporting Information shows that, when the initial nuclear condition
is sampled by classical mechanics, the results significantly deviate from
the TD-DMRG results. It suggests that nuclear quantum effects are
important for this system. Consistent definitions of the electronic
coherence-coherence TCF for multistate systems, which satisfy the
frozen nuclei limit, are not available for these SH methods in the
literature.”>*****> So it will be fair to compare SH methods to TD-
DMRG and NaF methods in the future.

on quantum phase space with coordinate-momentum variables,
where CPS is used for discrete electronic-state DOFs and
Wigner phase space is employed for nuclear DOFs. In the
paper we develop an exact integrator for updating the nuclear
kinematic momentum from the contribution of the effective
nonadiabatic force for a finite time-step, which is included in
the efficient algorithm for NaF in the adiabatic representation
described in Section 2.3. When the diabatic representation is
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available, two additional efficient algorithms that take
advantage of the diabatic representation are proposed in
Sections S2—S3 of the Supporting Information. We implement
these efficient NaF algorithms with MPI and Athread for the
heterogeneous platform.

We show a few expressions of (electronic)
TCRs'75318319,324326 3y quantum phase space representation,
then apply them to NaF. These NaF methods are employed to
investigate a suite of benchmark model systems, ranging from
low-dimensional gas-phase models to condensed-phase com-
plex systems, and are compared with numerically exact
approaches and three SH methods. NaF methods are robust
and competent in presenting reasonable descriptions for both
electronic and nuclear motion in the nonadiabatic coupling
region as well as the asymptotic region. As demonstrated in
Figures 1—4 for the LVCM:s for molecular CIs, Figures S and 6
for one-dimensional scattering models of Tully, and Figure 7
for one-dimensional three-state photodisassociation models of
Miller and co-workers and Figure 8 for a two-state anharmonic
model, the overall performance of NaF methods is comparable
to that of SH methods for gas-phase systems. More
importantly, NaF methods are superior to SH methods in
high-dimensional (condensed-phase) systems where the non-
adiabatic coupling region is wide or the states stay coupled all
the time, as shown in Figures 9 and 10 for spin-boson models,
Figures 11 and 12 for the 7-site FMO model, Figure 13 for the
three-state SF model, and Figures 14 and 15 for cavity-induced
chemical processes. The benchmark tests shown in the present
paper as well as in ref 324 and Section S7 of the Supporting
Information®*” of ref 322 imply that, although the phase space
expressions of (electronic) TCFs may also be used with
various surface hopping or Ehrenfest-like dynamics methods,
NaF should always be highly recommended for its superiority.

The suite of benchmark model tests also indicates that the
performance of NaF is relatively insensitive to the phase space
expression of electronic TCFs. In addition, Figure 16
investigates the Holstein model for the carrier mobility of
organic semiconductors, which one of us already studied in ref
412 in 2020. The isomorphism of ref 317 suggests that the
Holstein model can be studied by NaF and other nonadiabatic
dynamics methods. Figure 16 compares the NaF results related
to the electronic coherence-coherence TWF and those
benchmark results produced by TD-DMRG, for the same
initial condition in quantum mechanics. Figure 16 shows that
NaF yields reasonable results in a wide temperature regime. In
addition, as shown in Figure S4 of Section S3 of the
Supporting Information™' of ref 324, NaF methods are
capable of describing the electron transfer rate that is also
related to the electronic coherence-coherence TWF, which
reproduce the Marcus theory*'*~*'* in its valid region. Among
all the NaF methods, NaF-TW is recommended due to its
positive semidefinite TCF of population dynamics and the
overall reasonable accuracy for various model systems. It is
expected that NaF-TW can be performed for simulations of
nonadiabatic transition processes of real molecular systems
with ab initio on-thefly calculations’”*'°"**” or machine
learning approaches.”*”***~*** It will be intriguing to use NaF
to study electronically (or vibrationally) nonadiabatic
processes involving numerous DOFs, such as electron/hole/
positron/proton/hydrogen transfer and matter/energy trans-
port in bulk or at interfaces in complex systems, especially
where the nonadiabatic coupling region is broad, in chemistry,
physics, materials, biology, and so forth. A simulation package
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for NaF and other nonadiabatic molecular dynamics methods
will be reported by us soon.”*

We note that, despite its overall robust superior performance
for various nonadiabatic/composite systems, NaF is not
adequate to describe deep quantum tunneling effects or true
quantum recurrence/coherence/resonance effects, as implied
in Figure S7 of Section S8 of the Supporting Information. This
is because NaF only involves the independent trajectory
without the phase. When the NaF trajectory with its associated
phase is included in the semiclassical analogy approach or
time-dependent multiconfiguration approach, it will offer
potential tools for faithfully describing these more challenging
quantum mechanical effects with more computational effort,
although it is expected that such effects are often quenched in
large molecular systems.

Finally, we suggest that the suite of gas phase and condensed
phase benchmark models in the main text and the Supporting
Information of the paper should be important for testing
various developed or new practical nonadiabatic molecular
dynamics methods in the community. Because numerically
exact results are available for these benchmark models that
represent various regions (or limits) of nonadiabatic transition
processes, it is clean and clear to illustrate whether both
electronic motion and nuclear quantum effects are reasonably
described by the practical method that is designed for ab initio
nonadiabatic quantum molecular dynamics. It will also be
useful to include more typical representative benchmark tests
in the suite. Such a suite will help develop consistent practical
approaches that faithfully capture the main features of the
quantum mechanical behavior of both electrons and nuclei
in nonadiabatic transition processes in real complex molecular
systems.
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BO Born—Oppenheimer

Coum 1a(t) time-dependent normalization
factor tensor

cc covariant-covariant

CMM classical mapping model

CMMcv classical mapping model with
commutator variables

CPS constraint coordinate-momen-
tum phase space

cx covariant-noncovariant
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PES

)
)

integral measure of electronic
phase space variables

time correlation function of
electronic degrees of freedom
(electronic) population-popula-
tion time correlation function
(electronic) population-coher-
ence time correlation function
(electronic) coherence-popula-
tion time correlation function
(electronic) coherence-coher-
ence time correlation function
dual avoided crossing

discrete variable representation
degree of freedom

extended coupling region
extended hierarchy equations of
motion

equation of motion
Fenna-Matthews-Olson

vector X + ip

parameter of constraint coor-
dinate-momentum phase space
commutator matrix of elec-
tronic degrees of freedom
mapping energy on quantum
phase space of nonadiabatic
field

hierarchy equations of motion
hill window function

mapping kernel of electronic
degrees of freedom

inverse mapping kernel of elec-
tronic degrees of freedom
mapping kernel of nuclear
degrees of freedom

inverse mapping kernel of
nuclear degrees of freedom
linearized semiclassical initial
value representation

linear vibronic coupling model
multiconfiguration time-de-
pendent Hartree

multilayer multiconfiguration
time-dependent Hartree
Meyer-Miller

nonadiabatic field

nonadiabatic field with cova-
riant-covariant time correlation
functions

nonadiabatic field with cova-
riant-noncovariant time corre-
lation functions

nonadiabatic field with hill
window functions
nonadiabatic field with hill
window functions-2
nonadiabatic field with triangle
window functions

nonadiabatic field with triangle
window functions-2

potential energy surface
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Quux p, L 75 1) integrand of electronic time
correlation function
straint coordinate-momentum
phase space representation

effective electronic density ma-
trix in the adiabatic representa-

tion

in con-

P& p I

RHS right-hand side

S(x, p; 7) manifold of constraint coordi-
nate-momentum phase space

SAC single avoided crossing

SF singlet fission

SH surface hopping

SQC symmetrical quasi-classical

TCF time correlation function

TD-DMRG time-dependent density matrix
renormalization group

TWE triangle window function.

U(R, At) electronic propagator in the

. diabatic representation

U(R, At) electronic propagator in the
adiabatic representation

w(y) normalized weight (quasi-prob-

ability distribution) function of
constraint coordinate-momen-
tum phase space

B REFERENCES

(1) Karplus, M. Development of Multiscale Models for Complex
Chemical Systems: From H+H, to Biomolecules (Nobel Lecture).
Angew. Chem., Int. Ed. 2014, 53, 9992—10005.

(2) Born, M.; Oppenheimer, R. Zur Quantentheorie Der Molekeln.
Ann. Phys. 1927, 389, 457—484.

(3) Goldstein, H.; Poole, C. P.; Safko, J. L. Classical Mechanics, 3rd
ed.; Addison-Wesley: San Francisco, 2001.

(4) Arnold, V. I. Mathematical Methods of Classical Mechanics;
Springer: New York, 2013.

(5) Weyl, H. Quantum Mechanics and Group Theory. Z. Phys. 1927,
46, 1—46.

(6) Wigner, E. On the Quantum Correction for Thermodynamic
Equilibrium. Phys. Rev. 1932, 40, 749—759.

(7) Groenewold, H. J. On the Principles of Elementary Quantum
Mechanics. Physica 1946, 12, 405—460.

(8) Moyal, J. E. Quantum Mechanics as a Statistical Theory. Math.
Proc. Cambridge Philos. Soc. 1949, 45, 99—124.

(9) Husimi, K. Some Formal Properties of the Density Matrix.
Proceedings of the Physico-Mathematical Society of Japan 1940, 22,
264—314.

(10) Cohen, L. Generalized Phase-Space Distribution Functions. J.
Math. Phys. 1966, 7, 781—786.

(11) Liu, J; He, X;; Wu, B. Unified Formulation of Phase Space
Mapping Approaches for Nonadiabatic Quantum Dynamics. Acc.
Chem. Res. 2021, 54, 4215—4228.

(12) He, X.; Wy, B; Shang, Y.; Li, B.;; Cheng, X; Liu, J. New Phase
Space Formulations and Quantum Dynamics Approaches. Wiley
Interdiscip. Rev. Comput. Mol. Sci. 2022, 12, No. e1619.

(13) Lee, H. W. Theory and Application of the Quantum Phase-
Space Distribution Functions. Phys. Rep. 1995, 259, 147—-211.

(14) Liu, J.; Miller, W. H. Real Time Correlation Function in a
Single Phase Space Integral Beyond the Linearized Semiclassical
Initial Value Representation. . Chem. Phys. 2007, 126, No. 234110.

(15) Liu, J.; Miller, W. H. An Approach for Generating Trajectory-
Based Dynamics Which Conserves the Canonical Distribution in the
Phase Space Formulation of Quantum Mechanics. I. Theories. J.
Chem. Phys. 2011, 134, No. 104101.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1002/anie.201403924
https://doi.org/10.1002/anie.201403924
https://doi.org/10.1002/andp.19273892002
https://doi.org/10.1007/BF02055756
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1016/S0031-8914(46)80059-4
https://doi.org/10.1016/S0031-8914(46)80059-4
https://doi.org/10.1017/S0305004100000487
https://doi.org/10.11429/ppmsj1919.22.4_264
https://doi.org/10.1063/1.1931206
https://doi.org/10.1021/acs.accounts.1c00511?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.accounts.1c00511?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1619
https://doi.org/10.1002/wcms.1619
https://doi.org/10.1016/0370-1573(95)00007-4
https://doi.org/10.1016/0370-1573(95)00007-4
https://doi.org/10.1063/1.2743023
https://doi.org/10.1063/1.2743023
https://doi.org/10.1063/1.2743023
https://doi.org/10.1063/1.3555273
https://doi.org/10.1063/1.3555273
https://doi.org/10.1063/1.3555273
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(16) Liu, J.; Miller, W. H. An Approach for Generating Trajectory-
Based Dynamics Which Conserves the Canonical Distribution in the
Phase Space Formulation of Quantum Mechanics. II. Thermal
Correlation Functions. J. Chem. Phys. 2011, 134, No. 104102.

(17) Liu, J. Two More Approaches for Generating Trajectory-Based
Dynamics Which Conserves the Canonical Distribution in the Phase
Space Formulation of Quantum Mechanics. J. Chem. Phys. 2011, 134,
No. 194110.

(18) Polkovnikov, A. Phase Space Representation of Quantum
Dynamics. Ann. Phys. 2010, 325, 1790—1852.

(19) Heller, E. J.; Tomsovic, S. Postmodern Quantum-Mechanics.
Phys. Today 1993, 46, 38—46.

(20) Wang, H.; Sun, X.; Miller, W. H. Semiclassical Approximations
for the Calculation of Thermal Rate Constants for Chemical
Reactions in Complex Molecular Systems. J. Chem. Phys. 1998, 108,
9726—9736.

(21) Liu, J.; Miller, W. H. A Simple Model for the Treatment of
Imaginary Frequencies in Chemical Reaction Rates and Molecular
Liquids. J. Chem. Phys. 2009, 131, No. 074113.

(22) Liu, J. Recent Advances in the Linearized Semiclassical Initial
Value Representation/Classical Wigner Model for the Thermal
Correlation Function. Int. . Quantum Chem. 2018, 115, 657—670.

(23) Pollak, E.; Liao, J.-L. A New Quantum Transition State Theory.
J. Chem. Phys. 1998, 108, 2733—2743.

(24) Shao, J; Liao, J.-L.; Pollak, E. Quantum Transition State
Theory: Perturbation Expansion. J. Chem. Phys. 1998, 108, 9711—
9728S.

(25) Hernandez, R; Voth, G. A. Quantum Time Correlation
Functions and Classical Coherence. Chem. Phys. 1998, 233, 243—255.

(26) Shi, Q.; Geva, E. A Relationship between Semiclassical and
Centroid Correlation Functions. J. Chem. Phys. 2003, 118, 8173—
8184.

(27) Poulsen, J. A.; Nyman, G.; Rossky, P. J. Practical Evaluation of
Condensed Phase Quantum Correlation Functions: A Feynman-
Kleinert Variational Linearized Path Integral Method. J. Chem. Phys.
2003, 119, 12179—-12193.

(28) Makri, N.; Thompson, K. Semiclassical Influence Functionals
for Quantum Systems in Anharmonic Environments. Chem. Phys. Lett.
1998, 291, 101-109.

(29) Miller, W. H. Spiers Memorial Lecture - Quantum and
Semiclassical Theory of Chemical Reaction Rates. Faraday Discuss.
1998, 110, 1-21.

(30) Shao, J.; Makri, N. Forward-Backward Semiclassical Dynamics
without Prefactors. J. Phys. Chem. A 1999, 103, 7753—7756.

(31) Shao, J.; Makri, N. Forward-Backward Semiclassical Dynamics
with Linear Scaling. J. Phys. Chem. A 1999, 103, 9479—9486.

(32) Makri, N.; Nakayama, A.; Wright, N. J. Forward-Backward
Semiclassical Simulation of Dynamical Properties in Liquids. J. Theor.
Comput. Chem. 2004, 3, 391—417.

(33) Nakayama, A.; Makri, N. Simulation of Dynamical Properties of
Normal and Superfluid Helium. Proc. Natl. Acad. Sci. U. S. A. 20085,
102, 4230—4234.

(34) Liu, J.; Nakayama, A.; Makri, N. Long-Time Behaviour of
Quantized Distributions in Forward—Backward Semiclassical Dynam-
ics. Mol. Phys. 2006, 104, 1267—1274.

(35) Liu, J; Makri, N. Symmetries and Detailed Balance in
Forward—Backward Semiclassical Dynamics. Chem. Phys. 2006, 322,
23-29.

(36) Liu, J. Path Integral Liouville Dynamics for Thermal
Equilibrium Systems. J. Chem. Phys. 2014, 140, No. 224107.

(37) Liu, J.; Li, D; Liu, X. Further Study of Path Integral Liouville
Dynamics. Sci. Sin. Chim. 2016, 46, 27—37.

(38) Liu, J; Zhang, Z. Path Integral Liouville Dynamics:
Applications to Infrared Spectra of Oh, Water, Ammonia, and
Methane. J. Chem. Phys. 2016, 144, No. 034307.

(39) Zhang, Z.; Chen, Z.; Liu, J. Path Integral Liouville Dynamics
Simulations of Vibrational Spectra of Formaldehyde and Hydrogen
Peroxide. Chin. J. Chem. Phys. 2020, 33, 613—622.

3804

(40) Liu, X;; Zhang, L.; Liu, J. Machine Learning Phase Space
Quantum Dynamics Approaches. J. Chem. Phys. 2021, 154,
No. 184104.

(41) Smith, K. K. G.; Poulsen, J. A;; Nyman, G.; Rossky, P. J. A New
Class of Ensemble Conserving Algorithms for Approximate Quantum
Dynamics: Theoretical Formulation and Model Problems. J. Chem.
Phys. 2018, 142, No. 244112.

(42) Smith, K. K. G.; Poulsen, J. A; Nyman, G; Cunsolo, A;
Rossky, P. J. Application of a New Ensemble Conserving Quantum
Dynamics Simulation Algorithm to Liquid Para-Hydrogen and Ortho-
Deuterium. J. Chem. Phys. 2015, 142, No. 244113.

(43) willatt, M. J; Ceriotti, M.; Althorpe, S. C. Approximating
Matsubara Dynamics Using the Planetary Model: Tests on Liquid
Water and Ice. J. Chem. Phys. 2018, 148, No. 102336.

(44) Pollak, E.; Upadhyayula, S.; Liu, J. Coherent State
Representation of Thermal Correlation Functions with Applications
to Rate Theory. J. Chem. Phys. 2022, 156, No. 244101.

(4S) Xu, F.; Martens, C. C.; Zheng, Y. Entanglement Dynamics with
a Trajectory-Based Formulation. Phys. Rev. A 2017, 96, No. 022138.

(46) Wang, A,; Zheng, Y,; Martens, C. C; Ren, W. Quantum
Tunneling Dynamics Using Entangled Trajectories: General Poten-
tials. Phys. Chem. Chem. Phys. 2009, 11, 1588—1594.

(47) Donoso, A.; Zheng, Y.; Martens, C. C. Simulation of Quantum
Processes Using Entangled Trajectory Molecular Dynamics. J. Chem.
Phys. 2003, 119, 5010—5020.

(48) Donoso, A.; Martens, C. C. Quantum Tunneling Using
Entangled Classical Trajectories. Phys. Rev. Lett. 2001, 87,
No. 223202.

(49) Liu, J.; Miller, W. H. Using the Thermal Gaussian
Approximation for the Boltzmann Operator in Semiclassical Initial
Value Time Correlation Functions. J. Chem. Phys. 2006, 125,
No. 224104.

(50) Liu, J.; Miller, W. H. Linearized Semiclassical Initial Value
Time Correlation Functions Using the Thermal Gaussian Approx-
imation: Applications to Condensed Phase Systems. J. Chem. Phys.
2007, 127, No. 114506.

(51) Liu, J; Miller, W. H. Test of the Consistency of Various
Linearized Semiclassical Initial Value Time Correlation Functions in
Application to Inelastic Neutron Scattering from Liquid Para-
Hydrogen. J. Chem. Phys. 2008, 128, No. 144511.

(52) Liu, J.; Miller, W. H. Linearized Semiclassical Initial Value
Time Correlation Functions with Maximum Entropy Analytic
Continuation. J. Chem. Phys. 2008, 129, No. 124111.

(53) Liu, J; Miller, W. H.; Paesani, F.; Zhang, W.; Case, D. A.
Quantum Dynamical Effects in Liquid Water: A Semiclassical Study
on the Diffusion and the Infrared Absorption Spectrum. J. Chem. Phys.
2009, 131, No. 164509.

(54) Liu, J.; Miller, W. H.; Fanourgakis, G. S.; Xantheas, S. S.; Imoto,
S.; Saito, S. Insights in Quantum Dynamical Effects in the Infrared
Spectroscopy of Liquid Water from a Semiclassical Study with an Ab
Initio-Based Flexible and Polarizable Force Field. J. Chem. Phys. 2011,
135, No. 244503.

(55) Liu, J.; Alder, B. J.; Miller, W. H. A Semiclassical Study of the
Thermal Conductivity of Low Temperature Liquids. J. Chem. Phys.
2011, 135, No. 114105.

(56) Shi, Q.; Geva, E. Vibrational Energy Relaxation in Liquid
Oxygen from a Semiclassical Molecular Dynamics Simulation. J. Phys.
Chem. A 2003, 107, 9070—9078.

(57) Shi, Q; Geva, E. Semiclassical Theory of Vibrational Energy
Relaxation in the Condensed Phase. . Phys. Chem. A 2003, 107,
9059-9069.

(58) Shi, Q; Geva, E. On the Calculation of Vibrational Energy
Relaxation Rate Constants from Centroid Molecular Dynamics
Simulations. J. Chem. Phys. 2003, 119, 9030—9046.

(59) Ka, B. J.; Shi, Q.; Geva, E. Vibrational Energy Relaxation Rates
Via the Linearized Semiclassical Approximation: Applications to Neat
Diatomic Liquids and Atomic-Diatomic Liquid Mixtures. J. Phys.
Chem. A 2008, 109, 5527—5536.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1063/1.3555274
https://doi.org/10.1063/1.3555274
https://doi.org/10.1063/1.3555274
https://doi.org/10.1063/1.3555274
https://doi.org/10.1063/1.3589406
https://doi.org/10.1063/1.3589406
https://doi.org/10.1063/1.3589406
https://doi.org/10.1016/j.aop.2010.02.006
https://doi.org/10.1016/j.aop.2010.02.006
https://doi.org/10.1063/1.881358
https://doi.org/10.1063/1.476447
https://doi.org/10.1063/1.476447
https://doi.org/10.1063/1.476447
https://doi.org/10.1063/1.3202438
https://doi.org/10.1063/1.3202438
https://doi.org/10.1063/1.3202438
https://doi.org/10.1002/qua.24872
https://doi.org/10.1002/qua.24872
https://doi.org/10.1002/qua.24872
https://doi.org/10.1063/1.475665
https://doi.org/10.1063/1.476446
https://doi.org/10.1063/1.476446
https://doi.org/10.1016/S0301-0104(98)00027-5
https://doi.org/10.1016/S0301-0104(98)00027-5
https://doi.org/10.1063/1.1564814
https://doi.org/10.1063/1.1564814
https://doi.org/10.1063/1.1626631
https://doi.org/10.1063/1.1626631
https://doi.org/10.1063/1.1626631
https://doi.org/10.1016/S0009-2614(98)00590-9
https://doi.org/10.1016/S0009-2614(98)00590-9
https://doi.org/10.1039/a805196h
https://doi.org/10.1039/a805196h
https://doi.org/10.1021/jp991433v?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp991433v?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp991837n?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp991837n?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1142/S0219633604001112
https://doi.org/10.1142/S0219633604001112
https://doi.org/10.1073/pnas.0501127102
https://doi.org/10.1073/pnas.0501127102
https://doi.org/10.1080/00268970500525754
https://doi.org/10.1080/00268970500525754
https://doi.org/10.1080/00268970500525754
https://doi.org/10.1016/j.chemphys.2005.08.010
https://doi.org/10.1016/j.chemphys.2005.08.010
https://doi.org/10.1063/1.4881518
https://doi.org/10.1063/1.4881518
https://doi.org/10.1360/N032015-00143
https://doi.org/10.1360/N032015-00143
https://doi.org/10.1063/1.4939953
https://doi.org/10.1063/1.4939953
https://doi.org/10.1063/1.4939953
https://doi.org/10.1063/1674-0068/cjcp2006099
https://doi.org/10.1063/1674-0068/cjcp2006099
https://doi.org/10.1063/1674-0068/cjcp2006099
https://doi.org/10.1063/5.0046689
https://doi.org/10.1063/5.0046689
https://doi.org/10.1063/1.4922887
https://doi.org/10.1063/1.4922887
https://doi.org/10.1063/1.4922887
https://doi.org/10.1063/1.4922888
https://doi.org/10.1063/1.4922888
https://doi.org/10.1063/1.4922888
https://doi.org/10.1063/1.5004808
https://doi.org/10.1063/1.5004808
https://doi.org/10.1063/1.5004808
https://doi.org/10.1063/5.0088163
https://doi.org/10.1063/5.0088163
https://doi.org/10.1063/5.0088163
https://doi.org/10.1103/PhysRevA.96.022138
https://doi.org/10.1103/PhysRevA.96.022138
https://doi.org/10.1039/b811509e
https://doi.org/10.1039/b811509e
https://doi.org/10.1039/b811509e
https://doi.org/10.1063/1.1597496
https://doi.org/10.1063/1.1597496
https://doi.org/10.1103/PhysRevLett.87.223202
https://doi.org/10.1103/PhysRevLett.87.223202
https://doi.org/10.1063/1.2395941
https://doi.org/10.1063/1.2395941
https://doi.org/10.1063/1.2395941
https://doi.org/10.1063/1.2774990
https://doi.org/10.1063/1.2774990
https://doi.org/10.1063/1.2774990
https://doi.org/10.1063/1.2889945
https://doi.org/10.1063/1.2889945
https://doi.org/10.1063/1.2889945
https://doi.org/10.1063/1.2889945
https://doi.org/10.1063/1.2981065
https://doi.org/10.1063/1.2981065
https://doi.org/10.1063/1.2981065
https://doi.org/10.1063/1.3254372
https://doi.org/10.1063/1.3254372
https://doi.org/10.1063/1.3670960
https://doi.org/10.1063/1.3670960
https://doi.org/10.1063/1.3670960
https://doi.org/10.1063/1.3639107
https://doi.org/10.1063/1.3639107
https://doi.org/10.1021/jp0304982?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp0304982?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp030497+?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp030497+?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.1613636
https://doi.org/10.1063/1.1613636
https://doi.org/10.1063/1.1613636
https://doi.org/10.1021/jp051223k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp051223k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp051223k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(60) Ka, B.J.; Geva, E. Vibrational Energy Relaxation of Polyatomic
Molecules in Liquid Solution Via the Linearized Semiclassical
Method. J. Phys. Chem. A 2006, 110, 9555—9567.

(61) Navrotskaya, L; Geva, E. Vibrational Energy Relaxation Rates
of H, and D, in Liquid Argon Via the Linearized Semiclassical
Method. J. Phys. Chem. A 2007, 111, 460—467.

(62) Poulsen, J. A.; Scheers, J.; Nyman, G.; Rossky, P. J. Quantum
Density Fluctuations in Liquid Neon from Linearized Path-Integral
Calculations. Phys. Rev. B 2007, 75, No. 224505.

(63) Poulsen, J. A; Nyman, G.; Rossky, P. J. Feynman-Kleinert
Linearized Path Integral (FK-LPI) Algorithms for Quantum
Molecular Dynamics, with Application to Water and He(4). J.
Chem. Theory Comput. 2006, 2, 1482—1491.

(64) Poulsen, J. A;; Nyman, G.; Rossky, P. J. Static and Dynamic
Quantum Effects in Molecular Liquids: A Linearized Path Integral
Description of Water. Proc. Natl. Acad. Sci. U. S. A. 2008, 102, 6709—
14.

(65) Poulsen, J. A; Nyman, G.; Rossky, P. J. Determination of the
Van Hove Spectrum of Liquid He(4): An Application of the
Feymnan-Kleinert Linearized Path Integral Methodology. J. Phys.
Chem. A 2004, 108, 8743—8751.

(66) Liu, X; Liu, J. Critical Role of Quantum Dynamical Effects in
the Raman Spectroscopy of Liquid Water. Mol. Phys. 2018, 116, 755—
779.

(67) Sun, X,; Miller, W. H. Forward-Backward Initial Value
Representation for Semiclassical Time Correlation Functions. J.
Chem. Phys. 1999, 110, 6635—6644.

(68) Miller, W. H. The Semiclassical Initial Value Representation: A
Potentially Practical Way for Adding Quantum Effects to Classical
Molecular Dynamics Simulations. J. Phys. Chem. A 2001, 105, 2942—
29SS.

(69) Miller, W. H. Quantum Dynamics of Complex Molecular
Systems. Proc. Natl. Acad. Sci. U. S. A. 2008, 102, 6660—6664.

(70) Miller, W. H. Including Quantum Effects in the Dynamics of
Complex (LE., Large) Molecular Systems. J. Chem. Phys. 2006, 125,
No. 132305.

(71) Pollak, E.; Shao, J. Systematic Improvement of Initial Value
Representations of the Semiclassical Propagator. J. Phys. Chem. A
2003, 107, 7112—7117.

(72) Zhang, S. H.; Pollak, E. Monte Carlo Method for Evaluating the
Quantum Real Time Propagator. Phys. Rev. Lett. 2003, 91,
No. 190201.

(73) Zhang, S. S.; Pollak, E. Optimization of the Semiclassical Initial
Value Representation of the Exact Quantum-Mechanical Real Time
Propagator. J. Chem. Phys. 2003, 119, 11058—11063.

(74) Moix, J.; Pollak, E.; Shao, J. Generalized Liouville Time-
Dependent Perturbation Theory. Phys. Rev. A 2009, 80, No. 052103.

(75) Scholes, G. D.; Rumbles, G. Excitons in Nanoscale Systems.
Nat. Mater. 2006, S, 683—696.

(76) Polli, D.; Altoe, P.; Weingart, O.; Spillane, K. M.; Manzoni, C.;
Brida, D.; Tomasello, G.; Orlandi, G.; Kukura, P.; Mathies, R. A,
et al. Conical Intersection Dynamics of the Primary Photoisomeriza-
tion Event in Vision. Nature 2010, 467, 440—U88.

(77) Scholes, G. D.; Fleming, G. R; Olaya-Castro, A; van
Grondelle, R. Lessons from Nature About Solar Light Harvesting.
Nat. Chem. 2011, 3, 763—774.

(78) Smith, M. B.; Michl, J. Singlet Fission. Chem. Rev. 2010, 110,
6891—-6936.

(79) Takatsuka, K.; Yonehara, T. Nonadiabatic Chemical Dynamics
in Intermediate and Intense Laser Fields. In Advances in Chemical
Physics; Rice, S. A., Ed.; John Wiley & Sons, Inc.: 2010; Vol. 144, pp
93—156.

(80) Mei, J.; Leung, N. L. C.; Kwok, R. T. K;; Lam, J. W. Y,; Tang, B.
Z. Aggregation-Induced Emission: Together We Shine, United We
Soar! Chem. Rev. 2015, 115, 11718—11940.

(81) Maiuri, M.; Ostroumov, E. E.; Saer, R. G; Blankenship, R. E.;
Scholes, G. D. Coherent Wavepackets in the Fenna-Matthews-Olson
Complex Are Robust to Excitonic-Structure Perturbations Caused by
Mutagenesis. Nat. Chem. 2018, 10, 177—183.

3805

(82) Xu, Y.; Liang, X.; Zhou, X; Yuan, P.; Zhou, J.; Wang, C; Li, B,;
Hu, D; Qiao, X; Jiang, X,; et al. Highly Efficient Blue Fluorescent
Oleds Based on Upper Level Triplet—Singlet Intersystem Crossing.
Adv. Mater. 2019, 31, No. 1807388.

(83) Garcia-Vidal, F. J.; Ciuti, C.; Ebbesen, T. W. Manipulating
Matter by Strong Coupling to Vacuum Fields. Science 2021, 373,
No. eabd0336.

(84) Ye, Z.; Lin, X.,; Wang, N.; Zhou, J.; Zhu, M.; Qin, H; Peng, X.
Phonon-Assisted up-Conversion Photoluminescence of Quantum
Dots. Nat. Commun. 2021, 12, 4283.

(85) Nielsen, M. A.; Chuang, I. L. Quantum Computation and
Quantum Information; Cambridge University Press: Cambridge, 2000.

(86) Shuai, Z; Wang, L.; Yi, Y,; Peng, Q; Shen, X. Essential
Challenges and New Opportunities in the Investigation of Excited
State Structure and Dynamics for Complex Systems. Sci. Sin. Chim.
2024, 54, 2348—2360.

(87) Domcke, W.; Yarkony, D.; Képpel, H. Conical Intersections:
Electronic Structure, Dynamics & Spectroscopy. World Scientific: NJ,
2004.

(88) Domcke, W.; Yarkony, D. R;; Képpel, H. Conical Intersections:
Theory, Computation and Experiment. World Scientific: Singapore,
2011.

(89) Domcke, W.; Yarkony, D. R. Role of Conical Intersections in
Molecular Spectroscopy and Photoinduced Chemical Dynamics.
Annu. Rev. Phys. Chem. 2012, 63, 325—352.

(90) Gelin, M. F,; Chen, L. P.; Domcke, W. Equation-of-Motion
Methods for the Calculation of Femtosecond Time-Resolved 4-Wave-
Mixing and N-Wave-Mixing Signals. Chem. Rev. 2022, 122, 17339—
17396.

(91) Yarkony, D. R. Nonadiabatic Quantum Chemistry-Past,
Present, and Future. Chem. Rev. 2012, 112, 481—498.

(92) Cederbaum, L. S.; Képpel, H; Domcke, W. Multimode
Vibronic Coupling Effects in Molecules. Int. J. Quantum Chem. 1981,
20, 251-267.

(93) Fabri, C.; Csehi, A,; Haldsz, G. J.; Cederbaum, L. S.; Vibok, A.
Classical and Quantum Light-Induced Non-Adiabaticity in Molecular
Systems. AVS Quantum Science 2024, 6, No. 023501.

(94) Pacher, T.; Cederbaum, L. S; Képpel, H. Adiabatic and
Quasidiabatic States in a Gauge Theoretical Framework. Adv. Chem.
Phys. 1993, 84, 293—391.

(95) Levine, B. G.; Martinez, T. ]. Isomerization through Conical
Intersections. Annu. Rev. Phys. Chem. 2007, 58, 613—634.

(96) Martinez, T. J. Seaming Is Believing. Nature 2010, 467, 412—
413.

(97) Curchod, B. F. E.; Martinez, T. J. Ab Initio Nonadiabatic
Quantum Molecular Dynamics. Chem. Rev. 2018, 118, 3305—3336.

(98) Yonehara, T.; Hanasaki, K; Takatsuka, K. Fundamental
Approaches to Nonadiabaticity: Toward a Chemical Theory Beyond
the Born-Oppenheimer Paradigm. Chem. Rev. 2012, 112, 499—542.

(99) Long, R.; Prezhdo, O. V.; Fang, W.-H. Nonadiabatic Charge
Dynamics in Novel Solar Cell Materials. Wiley Interdiscip. Rev.
Comput. Mol. Sci. 2017, 7, No. e1305.

(100) Crespo-Otero, R.; Barbatti M. Recent Advances and
Perspectives on Nonadiabatic Mixed Quantum-Classical Dynamics.
Chem. Rev. 2018, 118, 7026—7068.

(101) Mai, S.; Marquetand, P.; Gonzalez, L. Nonadiabatic
Dynamics: The SHARC Approach. Wiley Interdiscip. Rev. Comput.
Mol. Sci. 2018, 8, No. e1370.

(102) Wang, Y.-C; Ke, Y; Zhao, Y. The Hierarchical and
Perturbative Forms of Stochastic Schrodinger Equations and Their
Applications to Carrier Dynamics in Organic Materials. Wiley
Interdiscip. Rev. Comput. Mol. Sci. 2019, 9, No. el375.

(103) Hammes-Schiffer, S. Theoretical Perspectives on Non-Born-
Oppenheimer Effects in Chemistry. Philos. Trans. Royal Soc. A 2022,
380, No. 20200377.

(104) Miller, W. H.; Cotton, S. J. Classical Molecular Dynamics
Simulation of Electronically Non-Adiabatic Processes. Faraday
Discuss. 2016, 195, 9—30.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1021/jp062363c?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp062363c?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp062363c?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp066243g?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp066243g?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp066243g?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevB.75.224505
https://doi.org/10.1103/PhysRevB.75.224505
https://doi.org/10.1103/PhysRevB.75.224505
https://doi.org/10.1021/ct600167s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ct600167s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ct600167s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1073/pnas.0408647102
https://doi.org/10.1073/pnas.0408647102
https://doi.org/10.1073/pnas.0408647102
https://doi.org/10.1021/jp049281d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp049281d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp049281d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1080/00268976.2018.1434907
https://doi.org/10.1080/00268976.2018.1434907
https://doi.org/10.1063/1.478571
https://doi.org/10.1063/1.478571
https://doi.org/10.1021/jp003712k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp003712k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp003712k?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1073/pnas.0408043102
https://doi.org/10.1073/pnas.0408043102
https://doi.org/10.1063/1.2211608
https://doi.org/10.1063/1.2211608
https://doi.org/10.1021/jp030098e?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp030098e?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevLett.91.190201
https://doi.org/10.1103/PhysRevLett.91.190201
https://doi.org/10.1063/1.1622931
https://doi.org/10.1063/1.1622931
https://doi.org/10.1063/1.1622931
https://doi.org/10.1103/PhysRevA.80.052103
https://doi.org/10.1103/PhysRevA.80.052103
https://doi.org/10.1038/nmat1710
https://doi.org/10.1038/nature09346
https://doi.org/10.1038/nature09346
https://doi.org/10.1038/nchem.1145
https://doi.org/10.1021/cr1002613?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.5b00263?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.5b00263?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1038/nchem.2910
https://doi.org/10.1038/nchem.2910
https://doi.org/10.1038/nchem.2910
https://doi.org/10.1002/adma.201807388
https://doi.org/10.1002/adma.201807388
https://doi.org/10.1126/science.abd0336
https://doi.org/10.1126/science.abd0336
https://doi.org/10.1038/s41467-021-24560-4
https://doi.org/10.1038/s41467-021-24560-4
https://doi.org/10.1360/SSC-2024-0058
https://doi.org/10.1360/SSC-2024-0058
https://doi.org/10.1360/SSC-2024-0058
https://doi.org/10.1146/annurev-physchem-032210-103522
https://doi.org/10.1146/annurev-physchem-032210-103522
https://doi.org/10.1021/acs.chemrev.2c00329?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.2c00329?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.2c00329?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr2001299?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr2001299?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/qua.560200828
https://doi.org/10.1002/qua.560200828
https://doi.org/10.1116/5.0191522
https://doi.org/10.1116/5.0191522
https://doi.org/10.1002/9780470141427.ch4
https://doi.org/10.1002/9780470141427.ch4
https://doi.org/10.1146/annurev.physchem.57.032905.104612
https://doi.org/10.1146/annurev.physchem.57.032905.104612
https://doi.org/10.1038/467412a
https://doi.org/10.1021/acs.chemrev.7b00423?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.7b00423?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr200096s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr200096s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/cr200096s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1305
https://doi.org/10.1002/wcms.1305
https://doi.org/10.1021/acs.chemrev.7b00577?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.chemrev.7b00577?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/wcms.1370
https://doi.org/10.1002/wcms.1370
https://doi.org/10.1002/wcms.1375
https://doi.org/10.1002/wcms.1375
https://doi.org/10.1002/wcms.1375
https://doi.org/10.1098/rsta.2020.0377
https://doi.org/10.1098/rsta.2020.0377
https://doi.org/10.1039/C6FD00181E
https://doi.org/10.1039/C6FD00181E
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(105) Jang, S. J.; Mennucci, B. Delocalized Excitons in Natural
Light-Harvesting Complexes. Rev. Mod. Phys. 2018, 90, No. 035003.

(106) Schwartz, B. J.; Bittner, E. R.; Prezhdo, O. V.; Rossky, P. J.
Quantum Decoherence and the Isotope Effect in Condensed Phase
Nonadiabatic Molecular Dynamics Simulations. J. Chem. Phys. 1996,
104, 5942—59SS.

(107) Liu, D.; Wang, B;; Wu, Y.; Vasenko, A. S.; Prezhdo, O. V.
Breaking the Size Limitation of Nonadiabatic Molecular Dynamics in
Condensed Matter Systems with Local Descriptor Machine Learning.
Proc. Natl. Acad. Sci. U. S. A. 2024, 121, No. e2403497121.

(108) Makarov, D. E; Makri, N. Path Integrals for Dissipative
Systems by Tensor Multiplication. Condensed Phase Quantum
Dynamics for Arbitrarily Long Time. Chem. Phys. Lett. 1994, 221,
482—491.

(109) Makri, N.; Makarov, D. E. Tensor Propagator for Iterative
Quantum Time Evolution of Reduced Density Matrices. I. Theory. J.
Chem. Phys. 1995, 102, 4600—4610.

(110) Makri, N.; Makarov, D. E. Tensor Propagator for Iterative
Quantum Time Evolution of Reduced Density Matrices. II
Numerical Methodology. J. Chem. Phys. 1995, 102, 4611—4618.

(111) Makri, N. Numerical Path-Integral Techniques for Long-Time
Dynamics of Quantum Dissipative Systems. J. Math. Phys. 1995, 36,
2430—-2457.

(112) Makri, N. Quantum-Classical Path Integral: A Rigorous
Approach to Condensed Phase Dynamics. Int. J. Quantum Chem.
2015, 115, 1209—1214.

(113) Makri, N. Modular Path Integral Methodology for Real-Time
Quantum Dynamics. J. Chem. Phys. 2018, 149, No. 214108.

(114) Makri, N. Small Matrix Path Integral for System-Bath
Dynamics. J. Chem. Theory Comput. 2020, 16, 4038—4049.

(115) Makri, N. Small Matrix Disentanglement of the Path Integral:
Overcoming the Exponential Tensor Scaling with Memory Length. J.
Chem. Phys. 2020, 152, No. 041104.

(116) Makri, N. Small Matrix Path Integral with Extended Memory.
J. Chem. Theory Comput. 2021, 17, 1—6.

(117) Makri, N. Two-Tier Modular Anharmonic Small Matrix Path
Integral with Composite Spin-Boson Baths. J. Chem. Theory Comput.
2024, 20, 8405—8411.

(118) Makri, N. Parsing the Influence Functional: Harmonic Bath
Mapping and Anharmonic Small Matrix Path Integral. J. Phys. Chem.
Lett. 2024, 15, 4616—4622.

(119) Makri, N. Kink Sum for Long-Memory Small Matrix Path
Integral Dynamics. J. Phys. Chem. B 2024, 128, 2469—2480.

(120) Makri, N.; Kunduy, S.; Cai, Z.; Wang, G., Comment on Unified
Framework for Open Quantum Dynamics with Memory. 2024,
DOI: 10.48550/arXiv.2410.08239.

(121) Kundu, S.; Makri, N. Pathsum: A C++ and Fortran Suite of
Fully Quantum Mechanical Real-Time Path Integral Methods for
(Multi-)System Plus Bath Dynamics. J. Chem. Phys. 2023, 158,
No. 224801.

(122) Tanimura, Y.; Kubo, R. Time Evolution of 2 Quantum System
in Contact with a Nearly Gaussian-Markoffian Noise Bath. J. Phys. Soc.
Jpn. 1989, 58, 101—114.

(123) Yan, Y.-A; Yang, F.; Liu, Y.; Shao, J. Hierarchical Approach
Based on Stochastic Decoupling to Dissipative Systems. Chem. Phys.
Lett. 2004, 395, 216—221.

(124) Xu, R-X,; Cui, P.; Li, X.-Q,; Mo, Y.; Yan, Y. Exact Quantum
Master Equation Via the Calculus on Path Integrals. J. Chem. Phys.
2008, 122, No. 041103.

(125) Shao, J. Stochastic Description of Quantum Open Systems:
Formal Solution and Strong Dissipation Limit. Chem. Phys. 2006, 322,
187—192.

(126) Moix, J. M.; Cao, J. A Hybrid Stochastic Hierarchy Equations
of Motion Approach to Treat the Low Temperature Dynamics of
Non-Markovian Open Quantum Systems. J. Chem. Phys. 2013, 139,
No. 134106.

(127) Tang, Z.; Ouyang, X.; Gong, Z.; Wang, H.; Wu, J. Extended
Hierarchy Equation of Motion for the Spin-Boson Model. J. Chem.
Phys. 2015, 143, No. 224112.

3806

(128) Yan, Y. Theory of Open Quantum Systems with Bath of
Electrons and Phonons and Spins: Many-Dissipaton Density Matrixes
Approach. J. Chem. Phys. 2014, 140, No. 05410S.

(129) Xu, R-X; Zhang, H.-D.; Zheng, X; Yan, Y. Dissipaton
Equation of Motion for System-and-Bath Interference Dynamics. Sci.
China Chem. 2015, 58, 1816—1824.

(130) Wang, Y,; Pan, Z. J; Zhang, H.-D.; Yan, Y. J. Dissipaton
Dynamics Theory Versus Quantum Master Equations. Chem. Phys.
2018, 515, 94—101.

(131) Gong, H; Wang, Y,; Zhang, H.-D.; Qiao, Q; Xu, R-X;
Zheng, X; Yan, Y. Equilibrium and Transient Thermodynamics: A
Unified Dissipaton-Space Approach. J. Chem. Phys. 2020, 153,
No. 154111.

(132) Chen, Z-H; Wang, Y; Xu, R.-X; Yan, Y. Quantum
Dissipation with Nonlinear Environment Couplings: Stochastic Fields
Dressed Dissipaton Equation of Motion Approach. J. Chem. Phys.
2021, 1SS, No. 174111.

(133) Wang, Y,; Yan, Y. Quantum Mechanics of Open Systems:
Dissipaton Theories. J. Chem. Phys. 2022, 157, No. 170901.

(134) Meyer, H.-D.; Manthe, U.; Cederbaum, L. S. The Multi-
Configurational Time-Dependent Hartree Approach. Chem. Phys. Lett.
1990, 165, 73—78.

(135) Thoss, M.; Wang, H.; Miller, W. H. Self-Consistent Hybrid
Approach for Complex Systems: Application to the Spin-Boson
Model with Debye Spectral Density. J. Chem. Phys. 2001, 115, 2991—
3008S.

(136) Wang, H.; Thoss, M. Multilayer Formulation of the
Multiconfiguration Time-Dependent Hartree Theory. . Chem. Phys.
2003, 119, 1289—1299.

(137) Wang, H. Multilayer Multiconfiguration Time-Dependent
Hartree Theory. J. Phys. Chem. A 2018, 119, 7951—7965.

(138) Worth, G. A;; Meyer, H.-D.; Koppel, H,; Cederbaum, L. S;
Burghardt, I. Using the MCTDH Wavepacket Propagation Method to
Describe Multimode Non-Adiabatic Dynamics. Int. Rev. Phys. Chem.
2008, 27, 569—606.

(139) Meyer, H.-D.; Le Quéré, F.; Léonard, C.; Gatti, F. Calculation
and Selective Population of Vibrational Levels with the Multi-
configuration Time-Dependent Hartree (MCTDH) Algorithm. Chem.
Phys. 2006, 329, 179—192.

(140) Bonfanti, M.; Burghardt, I. Tangent Space Formulation of the
Multi-Configuration Time-Dependent Hartree Equations of Motion:
The Projector—Splitting Algorithm Revisited. Chem. Phys. 2018, 515,
252-261.

(141) Gatti, F.; Lasorne, B.; Meyer, H.-D.; Nauts, A. Applications of
Quantum Dynamics in Chemistry; Springer: Cham, 2017; Vol. 98.

(142) Meyer, H.-D,; Gatti, F; Worth, G. A. Multidimensional
Quantum Dynamics: Mctdh Theory and Applications; Wiley: Weinheim,
2009.

(143) Worth, G. A.; Meyer, H.-D.; Cederbaum, L. S. Relaxation of a
System with a Conical Intersection Coupled to a Bath: A Benchmark
24-Dimensional Wave Packet Study Treating the Environment
Explicitly. J. Chem. Phys. 1998, 109, 3518—3529.

(144) Raab, A; Worth, G. A; Meyer, H-D.; Cederbaum, L. S.
Molecular Dynamics of Pyrazine after Excitation to the S, Electronic
State Using a Realistic 24-Mode Model Hamiltonian. J. Chem. Phys.
1999, 110, 936—946.

(145) Beck, M. H; Jackle, A.; Worth, G. A; Meyer, H.-D. The
Multiconfigurational Time-Dependent Hartree (MCTDH) Method:
A Highly Efficient Algorithm for Propagating Wavepackets. Phys. Rep.
2000, 324, 1-10S.

(146) Manthe, U.; Meyer, H. D.; Cederbaum, L. S. Wave-Packet
Dynamics within the Multiconfiguration Hartree Framework -
General-Aspects and Application to Nocl. J. Chem. Phys. 1992, 97,
3199-3213.

(147) Manthe, U. A Multilayer Multiconfigurational Time-Depend-
ent Hartree Approach for Quantum Dynamics on General Potential
Energy Surfaces. J. Chem. Phys. 2008, 128, No. 164116.

(148) Han, S. Y.; Schréder, M.; Gatti, F.; Meyer, H.-D.; Lauvergnat,
D.; Yarkony, D. R;; Guo, H. Representation of Diabatic Potential

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1103/RevModPhys.90.035003
https://doi.org/10.1103/RevModPhys.90.035003
https://doi.org/10.1063/1.471326
https://doi.org/10.1063/1.471326
https://doi.org/10.1073/pnas.2403497121
https://doi.org/10.1073/pnas.2403497121
https://doi.org/10.1016/0009-2614(94)00275-4
https://doi.org/10.1016/0009-2614(94)00275-4
https://doi.org/10.1016/0009-2614(94)00275-4
https://doi.org/10.1063/1.469508
https://doi.org/10.1063/1.469508
https://doi.org/10.1063/1.469509
https://doi.org/10.1063/1.469509
https://doi.org/10.1063/1.469509
https://doi.org/10.1063/1.531046
https://doi.org/10.1063/1.531046
https://doi.org/10.1002/qua.24975
https://doi.org/10.1002/qua.24975
https://doi.org/10.1063/1.5058223
https://doi.org/10.1063/1.5058223
https://doi.org/10.1021/acs.jctc.0c00039?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00039?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.5139473
https://doi.org/10.1063/1.5139473
https://doi.org/10.1021/acs.jctc.0c00987?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00980?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00980?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.4c00908?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.4c00908?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.3c08282?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.3c08282?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.48550/arXiv.2410.08239
https://doi.org/10.48550/arXiv.2410.08239
https://doi.org/10.48550/arXiv.2410.08239?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0151748
https://doi.org/10.1063/5.0151748
https://doi.org/10.1063/5.0151748
https://doi.org/10.1143/JPSJ.58.101
https://doi.org/10.1143/JPSJ.58.101
https://doi.org/10.1016/j.cplett.2004.07.036
https://doi.org/10.1016/j.cplett.2004.07.036
https://doi.org/10.1063/1.1850899
https://doi.org/10.1063/1.1850899
https://doi.org/10.1016/j.chemphys.2005.08.007
https://doi.org/10.1016/j.chemphys.2005.08.007
https://doi.org/10.1063/1.4822043
https://doi.org/10.1063/1.4822043
https://doi.org/10.1063/1.4822043
https://doi.org/10.1063/1.4936924
https://doi.org/10.1063/1.4936924
https://doi.org/10.1063/1.4863379
https://doi.org/10.1063/1.4863379
https://doi.org/10.1063/1.4863379
https://doi.org/10.1007/s11426-015-5499-2
https://doi.org/10.1007/s11426-015-5499-2
https://doi.org/10.1016/j.chemphys.2018.08.046
https://doi.org/10.1016/j.chemphys.2018.08.046
https://doi.org/10.1063/5.0021203
https://doi.org/10.1063/5.0021203
https://doi.org/10.1063/5.0067880
https://doi.org/10.1063/5.0067880
https://doi.org/10.1063/5.0067880
https://doi.org/10.1063/5.0123999
https://doi.org/10.1063/5.0123999
https://doi.org/10.1016/0009-2614(90)87014-I
https://doi.org/10.1016/0009-2614(90)87014-I
https://doi.org/10.1063/1.1385562
https://doi.org/10.1063/1.1385562
https://doi.org/10.1063/1.1385562
https://doi.org/10.1063/1.1580111
https://doi.org/10.1063/1.1580111
https://doi.org/10.1021/acs.jpca.5b03256?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.5b03256?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1080/01442350802137656
https://doi.org/10.1080/01442350802137656
https://doi.org/10.1016/j.chemphys.2006.06.002
https://doi.org/10.1016/j.chemphys.2006.06.002
https://doi.org/10.1016/j.chemphys.2006.06.002
https://doi.org/10.1016/j.chemphys.2018.05.029
https://doi.org/10.1016/j.chemphys.2018.05.029
https://doi.org/10.1016/j.chemphys.2018.05.029
https://doi.org/10.1063/1.476947
https://doi.org/10.1063/1.476947
https://doi.org/10.1063/1.476947
https://doi.org/10.1063/1.476947
https://doi.org/10.1063/1.478061
https://doi.org/10.1063/1.478061
https://doi.org/10.1016/S0370-1573(99)00047-2
https://doi.org/10.1016/S0370-1573(99)00047-2
https://doi.org/10.1016/S0370-1573(99)00047-2
https://doi.org/10.1063/1.463007
https://doi.org/10.1063/1.463007
https://doi.org/10.1063/1.463007
https://doi.org/10.1063/1.2902982
https://doi.org/10.1063/1.2902982
https://doi.org/10.1063/1.2902982
https://doi.org/10.1021/acs.jctc.2c00370?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

Energy Matrices for Multiconfiguration Time-Dependent Hartree
Treatments of High-Dimensional Nonadiabatic Photodissociation
Dynamics. J. Chem. Theory Comput. 2022, 18, 4627—4638.

(149) Mendive-Tapia, D.; Mangaud, E.; Firmino, T.; de la Lande, A ;
Desouter-Lecomte, M.; Meyer, H.-D.; Gatti, F. Multidimensional
Quantum Mechanical Modeling of Electron Transfer and Electronic
Coherence in Plant Cryptochromes: The Role of Initial Bath
Conditions. J. Phys. Chem. B 2018, 122, 126—136.

(150) Bril, M. R; Gatti, F.; Lauvergnat, D.; Meyer, H.-D.
Photoinduced Nonadiabatic Dynamics of Ethene: Six-Dimensional
Wave Packet Propagations Using Two Different Approximations of
the Kinetic Energy Operators. Chem. Phys. 2007, 338, 186—199.

(151) Ren, J.J.; Li, W. T,; Jiang, T.; Wang, Y. H.; Shuai, Z. G. Time-
Dependent Density Matrix Renormalization Group Method for
Quantum Dynamics in Complex Systems. Wiley Interdiscip. Rev.
Comput. Mol. Sci. 2022, 12, No. el614.

(152) White, S. R. Density-Matrix Formulation for Quantum
Renormalization-Groups. Phys. Rev. Lett. 1992, 69, 2863—2866.

(153) Schollwéck, U. The Density-Matrix Renormalization Group in
the Age of Matrix Product States. Ann. Phys. 2011, 326, 96—192.

(154) Ronca, E,; Li, Z. D,; Jimenez-Hoyos, C. A.; Chan, G. K. L.
Time-Step Targeting Time-Dependent and Dynamical Density Matrix
Renormalization Group Algorithms with Ab Initio Hamiltonians. J.
Chem. Theory Comput. 2017, 13, 5560—5571.

(155) Ma, H. B; Luo, Z.; Yao, Y. The Time-Dependent Density
Matrix Renormalisation Group Method. Mol. Phys. 2018, 116, 854—
868.

(156) Vidal, G. Efficient Simulation of One-Dimensional Quantum
Many-Body Systems. Phys. Rev. Lett. 2004, 93, No. 040502.

(157) Verstraete, F.; Garcia-Ripoll, J. J.; Cirac, J. I. Matrix Product
Density Operators: Simulation of Finite-Temperature and Dissipative
Systems. Phys. Rev. Lett. 2004, 93, No. 207204.

(158) Zwolak, M.; Vidal, G. Mixed-State Dynamics in One-
Dimensional Quantum Lattice Systems: A Time-Dependent Super-
operator Renormalization Algorithm. Phys. Rev. Lett. 2004, 93,
No. 207205.

(159) Prior, J.; Chin, A. W.; Huelga, S. F.; Plenio, M. B. Efficient
Simulation of Strong System-Environment Interactions. Phys. Rev.
Lett. 2010, 105, No. 050404.

(160) Haegeman, J.; Lubich, C.; Oseledets, I; Vandereycken, B.;
Verstraete, F. Unifying Time Evolution and Optimization with Matrix
Product States. Phys. Rev. B 2016, 94, No. 165116.

(161) Lubich, C.; Oseledets, 1. V.; Vandereycken, B. Time
Integration of Tensor Trains. SIAM ]. Numer. Anal. 2015, 53, 917—
941.

(162) Borrelli, R; Gelin, M. F. Quantum Electron-Vibrational
Dynamics at Finite Temperature: Thermo Field Dynamics Approach.
J. Chem. Phys. 2016, 145, No. 224101.

(163) Baiardi, A,; Reiher, M. Large-Scale Quantum Dynamics with
Matrix Product States. J. Chem. Theory Comput. 2019, 15, 3481—
3498.

(164) Greene, S. M,; Batista, V. S. Tensor-Train Split-Operator
Fourier Transform (TT-SOFT) Method: Multidimensional Non-
adiabatic Quantum Dynamics. J. Chem. Theory Comput. 2017, 13,
4034—4042.

(165) Lyu, N; Soley, M. B, Batista, V. S. Tensor-Train Split-
Operator Ksl (TT-SOKSL) Method for Quantum Dynamics
Simulations. J. Chem. Theory Comput. 2022, 18, 3327—3346.

(166) Lyu, N.; Mulvihill, E; Soley, M. B.; Geva, E.; Batista, V. S.
Tensor-Train Thermo-Field Memory Kernels for Generalized
Quantum Master Equations. J. Chem. Theory Comput. 2023, 19, 1111.

(167) Meyer, H.-D.; Miller, W. H. A Classical Analog for Electronic
Degrees of Freedom in Nonadiabatic Collision Processes. J. Chem.
Phys. 1979, 70, 3214—3223.

(168) Stock, G.; Thoss, M. Semiclassical Description of Non-
adiabatic Quantum Dynamics. Phys. Rev. Lett. 1997, 78, 578—581.

(169) Meyer, H.-D.; Miller, W. H. Classical-Models for Electronic
Degrees of Freedom: Derivation Via Spin Analogy and Application to
F*+H,—F+H,. J. Chem. Phys. 1979, 71, 2156—2169.

3807

(170) Gray, S. K; Miller, W. H. Classical Model for Electronic
Degrees of Freedom: Charge Transfer in Na + I Collisions. Chem.
Phys. Lett. 1982, 93, 341—344.

(171) Ali, D. P; Miller, W. H. Effect of Electronic Transition
Dynamics on Iodine Atom Recombination in Liquids. J. Chem. Phys.
1983, 78, 6640—6645.

(172) Ali, D. P,; Miller, W. H. Classical Models for Electronic
Degrees of Freedom: Quenching of Br*(*P,,,) by Collision with H,
in Three Dimensions. Chem. Phys. Lett. 1984, 103, 470—474.

(173) Stock, G.; Miller, W. H. A Classical Model for Time- and
Frequency-Resolved Spectroscopy of Nonadiabatic Excited-State
Dynamics. Chem. Phys. Lett. 1992, 197, 396—404.

(174) Stock, G.; Miller, W. H. Classical Formulation of the
Spectroscopy of Nonadiabatic Excited-State Dynamics. J. Chem. Phys.
1993, 99, 1545—18555S.

(175) Muller, U.; Stock, G. Flow of Zero-Point Energy and
Exploration of Phase Space in Classical Simulations of Quantum
Relaxation Dynamics. II. Application to Nonadiabatic Processes. J.
Chem. Phys. 1999, 111, 77—88.

(176) Stock, G.; Muller, U. Flow of Zero-Point Energy and
Exploration of Phase Space in Classical Simulations of Quantum
Relaxation Dynamics. J. Chem. Phys. 1999, 111, 65—76.

(177) Miiller, U.; Stock, G. Consistent Treatment of Quantum-
Mechanical and Classical Degrees of Freedom in Mixed Quantum-
Classical Simulations. J. Chem. Phys. 1998, 108, 7516—7526.

(178) Stock, G.; Thoss, M. Classical Description of Nonadiabatic
Quantum Dynamics. In Advances in Chemical Physics; Rice, S. A., Ed,;
John Wiley and Sons, Inc.: 2005; Vol. 131, pp 243—375.

(179) Thoss, M.; Miller, W. H.; Stock, G. Semiclassical Description
of Nonadiabatic Quantum Dynamics: Application to the S;-S,
Conical Intersection in Pyrazine. J. Chem. Phys. 2000, 112, 10282—
10292.

(180) Thoss, M.; Stock, G. Mapping Approach to the Semiclassical
Description of Nonadiabatic Quantum Dynamics. Phys. Rev. A 1999,
59, 64—79.

(181) Golosov, A. A; Reichman, D. R. Classical Mapping
Approaches for Nonadiabatic Dynamics: Short Time Analysis. J.
Chem. Phys. 2001, 114, 1065—1074.

(182) Sun, X.; Miller, W. H. Semiclassical Initial Value
Representation for Electronically Nonadiabatic Molecular Dynamics.
J. Chem. Phys. 1997, 106, 6346—6353.

(183) Sun, X.; Wang, H,; Miller, W. H. Semiclassical Theory of
Electronically Nonadiabatic Dynamics: Results of a Linearized
Approximation to the Initial Value Representation. J. Chem. Phys.
1998, 109, 7064—7074.

(184) Coronado, E. A.; Batista, V. S.; Miller, W. H. Nonadiabatic
Photodissociation Dynamics Oficnin the a Continuum: A Semi-
classical Initial Value Representation Study. J. Chem. Phys. 2000, 112,
5566—5575.

(185) Coronado, E. A,; Xing, J; Miller, W. H. Ultrafast Non-
Adiabatic Dynamics of Systems with Multiple Surface Crossings: A
Test of the Meyer-Miller Hamiltonian with Semiclassical Initial Value
Representation Methods. Chem. Phys. Lett. 2001, 349, 521—529.

(186) Ananth, N.; Venkataraman, C.; Miller, W. H. Semiclassical
Description of Electronically Nonadiabatic Dynamics Via the Initial
Value Representation. J. Chem. Phys. 2007, 127, No. 084114.

(187) Miller, W. H. Electronically Nonadiabatic Dynamics Via
Semiclassical Initial Value Methods. J. Phys. Chem. A 2009, 113,
1405—141S.

(188) Ananth, N.; Miller, T. F. Exact Quantum Statistics for
Electronically Nonadiabatic Systems Using Continuous Path Varia-
bles. J. Chem. Phys. 2010, 133, No. 234103.

(189) Tao, G.; Miller, W. H. Semiclassical Description of Electronic
Excitation Population Transfer in a Model Photosynthetic System. J.
Phys. Chem. Lett. 2010, 1, 891—894.

(190) Cotton, S. J.; Miller, W. H. Symmetrical Windowing for
Quantum States in Quasi-Classical Trajectory Simulations. J. Phys.
Chem. A 2013, 117, 7190—7194.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1021/acs.jctc.2c00370?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00370?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00370?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10412?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10412?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10412?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.7b10412?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/j.chemphys.2007.04.002
https://doi.org/10.1016/j.chemphys.2007.04.002
https://doi.org/10.1016/j.chemphys.2007.04.002
https://doi.org/10.1002/wcms.1614
https://doi.org/10.1002/wcms.1614
https://doi.org/10.1002/wcms.1614
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1021/acs.jctc.7b00682?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00682?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1080/00268976.2017.1406165
https://doi.org/10.1080/00268976.2017.1406165
https://doi.org/10.1103/PhysRevLett.93.040502
https://doi.org/10.1103/PhysRevLett.93.040502
https://doi.org/10.1103/PhysRevLett.93.207204
https://doi.org/10.1103/PhysRevLett.93.207204
https://doi.org/10.1103/PhysRevLett.93.207204
https://doi.org/10.1103/PhysRevLett.93.207205
https://doi.org/10.1103/PhysRevLett.93.207205
https://doi.org/10.1103/PhysRevLett.93.207205
https://doi.org/10.1103/PhysRevLett.105.050404
https://doi.org/10.1103/PhysRevLett.105.050404
https://doi.org/10.1103/PhysRevB.94.165116
https://doi.org/10.1103/PhysRevB.94.165116
https://doi.org/10.1137/140976546
https://doi.org/10.1137/140976546
https://doi.org/10.1063/1.4971211
https://doi.org/10.1063/1.4971211
https://doi.org/10.1021/acs.jctc.9b00301?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.9b00301?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00608?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00608?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00608?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00209?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00209?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00209?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00892?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00892?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.437910
https://doi.org/10.1063/1.437910
https://doi.org/10.1103/PhysRevLett.78.578
https://doi.org/10.1103/PhysRevLett.78.578
https://doi.org/10.1063/1.438598
https://doi.org/10.1063/1.438598
https://doi.org/10.1063/1.438598
https://doi.org/10.1016/0009-2614(82)83705-6
https://doi.org/10.1016/0009-2614(82)83705-6
https://doi.org/10.1063/1.444662
https://doi.org/10.1063/1.444662
https://doi.org/10.1016/0009-2614(84)85279-3
https://doi.org/10.1016/0009-2614(84)85279-3
https://doi.org/10.1016/0009-2614(84)85279-3
https://doi.org/10.1016/0009-2614(92)85791-8
https://doi.org/10.1016/0009-2614(92)85791-8
https://doi.org/10.1016/0009-2614(92)85791-8
https://doi.org/10.1063/1.465323
https://doi.org/10.1063/1.465323
https://doi.org/10.1063/1.479255
https://doi.org/10.1063/1.479255
https://doi.org/10.1063/1.479255
https://doi.org/10.1063/1.479254
https://doi.org/10.1063/1.479254
https://doi.org/10.1063/1.479254
https://doi.org/10.1063/1.476184
https://doi.org/10.1063/1.476184
https://doi.org/10.1063/1.476184
https://doi.org/10.1063/1.481668
https://doi.org/10.1063/1.481668
https://doi.org/10.1063/1.481668
https://doi.org/10.1103/PhysRevA.59.64
https://doi.org/10.1103/PhysRevA.59.64
https://doi.org/10.1063/1.1332812
https://doi.org/10.1063/1.1332812
https://doi.org/10.1063/1.473624
https://doi.org/10.1063/1.473624
https://doi.org/10.1063/1.477389
https://doi.org/10.1063/1.477389
https://doi.org/10.1063/1.477389
https://doi.org/10.1063/1.481130
https://doi.org/10.1063/1.481130
https://doi.org/10.1063/1.481130
https://doi.org/10.1016/S0009-2614(01)01242-8
https://doi.org/10.1016/S0009-2614(01)01242-8
https://doi.org/10.1016/S0009-2614(01)01242-8
https://doi.org/10.1016/S0009-2614(01)01242-8
https://doi.org/10.1063/1.2759932
https://doi.org/10.1063/1.2759932
https://doi.org/10.1063/1.2759932
https://doi.org/10.1021/jp809907p?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp809907p?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.3511700
https://doi.org/10.1063/1.3511700
https://doi.org/10.1063/1.3511700
https://doi.org/10.1021/jz1000825?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jz1000825?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp401078u?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp401078u?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(191) Cotton, S. J; Miller, W. H. Symmetrical Windowing for
Quantum States in Quasi-Classical Trajectory Simulations: Applica-
tion to Electronically Non-Adiabatic Processes. J. Chem. Phys. 2013,
139, No. 234112.

(192) Cotton, S. J.; Igumenshchev, K.; Miller, W. H. Symmetrical
Windowing for Quantum States in Quasi-Classical Trajectory
Simulations: Application to Electron Transfer. J. Chem. Phys. 2014,
141, No. 084104.

(193) Cotton, S. J.; Miller, W. H. A Symmetrical Quasi-Classical
Spin-Mapping Model for the Electronic Degrees of Freedom in Non-
Adiabatic Processes. J. Phys. Chem. A 2018, 119, 12138—12145.

(194) Miller, W. H.; Cotton, S. J. Communication: Note on Detailed
Balance in Symmetrical Quasi-Classical Models for Electronically
Non-Adiabatic Dynamics. J. Chem. Phys. 20185, 142, No. 131103.

(195) Cotton, S. J.; Miller, W. H. A New Symmetrical Quasi-
Classical Model for Electronically Non-Adiabatic Processes: Applica-
tion to the Case of Weak Non-Adiabatic Coupling. J. Chem. Phys.
2016, 145, No. 144108.

(196) Cotton, S. J.; Miller, W. H. The Symmetrical Quasi-Classical
Model for Electronically Non-Adiabatic Processes Applied to Energy
Transfer Dynamics in Site-Exciton Models of Light-Harvesting
Complexes. J. Chem. Theory Comput. 2016, 12, 983—991.

(197) Miller, W. H; Cotton, S. J. Communication: Wigner
Functions in Action-Angle Variables, Bohr-Sommerfeld Quantization,
the Heisenberg Correspondence Principle, and a Symmetrical Quasi-
Classical Approach to the Full Electronic Density Matrix. J. Chem.
Phys. 2016, 145, No. 081102.

(198) Cotton, S. J.; Liang, R; Miller, W. H. On the Adiabatic
Representation of Meyer-Miller Electronic-Nuclear Dynamics. J.
Chem. Phys. 2017, 147, No. 064112.

(199) Liang, R.; Cotton, S. J.; Binder, R.;; Hegger, R.; Burghardt, L;
Miller, W. H. The Symmetrical Quasi-Classical Approach to
Electronically Nonadiabatic Dynamics Applied to Ultrafast Exciton
Migration Processes in Semiconducting Polymers. J. Chem. Phys.
2018, 149, No. 044101.

(200) Cotton, S. J.; Miller, W. H. A Symmetrical Quasi-Classical
Windowing Model for the Molecular Dynamics Treatment of Non-
Adiabatic Processes Involving Many Electronic States. J. Chem. Phys.
2019, 150, No. 104101.

(201) Cotton, S. J.; Miller, W. H. Trajectory-Adjusted Electronic
Zero Point Energy in Classical Meyer-Miller Vibronic Dynamics:
Symmetrical Quasiclassical Application to Photodissociation. J. Chem.
Phys. 2019, 150, No. 194110.

(202) Saller, M. A. C.; Kelly, A.; Richardson, J. O. On the Identity of
the Identity Operator in Nonadiabatic Linearized Semiclassical
Dynamics. J. Chem. Phys. 2019, 150, No. 071101.

(203) Saller, M. A. C.; Kelly, A; Richardson, J. O. Improved
Population Operators for Multi-State Nonadiabatic Dynamics with
the Mixed Quantum-Classical Mapping Approach. Faraday Discuss.
2020, 221, 150—167.

(204) Runeson, J. E; Richardson, J. O. Generalized Spin Mapping
for Quantum-Classical Dynamics. J. Chem. Phys. 2020, 152,
No. 084110.

(205) Kananenka, A. A, Hsieh, C. Y; Cao, J. S; Geva, E.
Nonadiabatic Dynamics Via the Symmetrical Quasi-Classical Method
in the Presence of Anharmonicity. J. Phys. Chem. Lett. 2018, 9, 319—
326.

(206) Mulvihill, E.; Gao, X.; Liu, Y.; Schubert, A.; Dunietz, B. D.;
Geva, E. Combining the Mapping Hamiltonian Linearized Semi-
classical Approach with the Generalized Quantum Master Equation to
Simulate Electronically Nonadiabatic Molecular Dynamics. J. Chem.
Phys. 2019, 151, No. 074103.

(207) Gao, X.; Geva, E. Improving the Accuracy of Quasiclassical
Mapping Hamiltonian Methods by Treating the Window Function
Width as an Adjustable Parameter. J. Phys. Chem. A 2020, 124,
11006—11016.

(208) Gao, X; Lai, Y.; Geva, E. Simulating Absorption Spectra of
Multiexcitonic Systems Via Quasiclassical Mapping Hamiltonian

Methods. J. Chem. Theory Comput. 2020, 16, 6465—6480.

3808

(209) Gao, X; Sailer, M. A. C.; Liu, Y.; Kelly, A.; Richardson, J. O,;
Geva, E. Benchmarking Quasiclassical Mapping Hamiltonian
Methods for Simulating Electronically Nonadiabatic Molecular
Dynamics. J. Chem. Theory Comput. 2020, 16, 2883—2895.

(210) Liu, Y.; Gao, X; Lai, Y.; Mulvihill, E; Geva, E. Electronic
Dynamics through Conical Intersections Via Quasiclassical Mapping
Hamiltonian Methods. ]. Chem. Theory Comput. 2020, 16, 4479—
4488.

(211) Saller, M. A. C,; Kelly, A; Geva, E. Benchmarking
Quasiclassical Mapping Hamiltonian Methods for Simulating
Cavity-Modified Molecular Dynamics. J. Phys. Chem. Lett. 2021, 12,
3163—-3170.

(212) Bonella, S.;; Coker, D. F. A Semiclassical Limit for the
Mapping Hamiltonian Approach to Electronically Nonadiabatic
Dynamics. J. Chem. Phys. 2001, 114, 7778—7789.

(213) Gao, X; Geva, E. A Nonperturbative Methodology for
Simulating Multidimensional Spectra of Multiexcitonic Molecular
Systems Via Quasiclassical Mapping Hamiltonian Methods. J. Chem.
Theory Comput. 2020, 16, 6491—6502.

(214) Tao, G. H. Electronically Nonadiabatic Dynamics in Singlet
Fission: A Quasi-Classical Trajectory Simulation. J. Phys. Chem. C
2014, 118, 17299—17305.

(215) Tao, G. H. Electronically Nonadiabatic Dynamics in Complex
Molecular Systems: An Efficient and Accurate Semiclassical Solution.
J. Phys. Chem. A 2013, 117, 5821—5825.

(216) Li, T. E; Chen, H. T, Nitzan, A; Subotnik, J. E.
Quasiclassical Modeling of Cavity Quantum Electrodynamics. Phys.
Rev. A 2020, 101, No. 033831.

(217) Bellonzi, N; Jain, A.; Subotnik, J. E. An Assessment of Mean-
Field Mixed Semiclassical Approaches: Equilibrium Populations and
Algorithm Stability. J. Chem. Phys. 2016, 144, No. 154110.

(218) Zheng, ].; Xie, Y,; Jiang, S.; Long, Y,; Ning, X,; Lan, Z.
Ultrafast Electron Transfer with Symmetrical Quasi-Classical
Dynamics Based on Mapping Hamiltonian and Quantum Dynamics
Based on ML-MCTDH. Chin. J. Chem. Phys. 2017, 30, 800—810.

(219) Polley, K; Loring, R. F. Two-Dimensional Vibronic
Spectroscopy with Semiclassical Thermofield Dnamics. J. Chem.
Phys. 2022, 156, No. 124108.

(220) Polley, K; Loring, R. F. 2d Electronic-Vibrational Spectros-
copy with Classical Trajectories. J. Chem. Phys. 2022, 156,
No. 204110.

(221) Polley, K; Loring, R. F. Spectroscopic Response Theory with
Classical Mapping Hamiltonians. ]. Chem. Phys. 2020, 153,
No. 204103.

(222) Polley, K; Loring, R. F. One and Two Dimensional Vibronic
Spectra for an Exciton Dimer from Classical Trajectories. J. Phys.
Chem. B 2020, 124, 9913—9920.

(223) Polley, K; Loring, R. F. Two-Dimensional Vibrational-
Electronic Spectra with Semiclassical Mechanics. J. Chem. Phys. 2021,
154, No. 194110.

(224) Myers, C. A.; Miyazaki, K; Trepl, T.; Isborn, C. M.; Ananth,
N. GPU-Accelerated on-the-Fly Nonadiabatic Semiclassical Dynam-
ics. J. Chem. Phys. 2024, 161, No. 084114.

(225) Malpathak, S.;; Ananth, N. A Linearized Semiclassical
Dynamics Study of the Multiquantum Vibrational Relaxation of NO
Scattering from a Au(111) Surface. J. Phys. Chem. Lett. 2024, 1S,
794—801.

(226) Teh, H. H; Cheng, Y. C. On the Accuracy of the LSC-IVR
Approach for Excitation Energy Transfer in Molecular Aggregates. J.
Chem. Phys. 2017, 146, No. 144105.

(227) Kelly, A;; Rhee, Y. M. Mixed Quantum-Classical Description
of Excitation Energy Transfer in a Model Fenna-Matthews-Olsen
Complex. J. Phys. Chem. Lett. 2011, 2, 808—812.

(228) Batista, V. S.; Miller, W. H. Semiclassical Molecular Dynamics
Simulations of Ultrafast Photodissociation Dynamics Associated with
the Chappuis Band of Ozone. J. Chem. Phys. 1998, 108, 498—510.

(229) Delos, J. B.; Thorson, W. R.; Knudson, S. K. Semiclassical
Theory of Inelastic Collisions. I. Classical Picture and Semiclassical
Formulation. Phys. Rev. A 1972, 6, 709—720.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1063/1.4845235
https://doi.org/10.1063/1.4845235
https://doi.org/10.1063/1.4845235
https://doi.org/10.1063/1.4893345
https://doi.org/10.1063/1.4893345
https://doi.org/10.1063/1.4893345
https://doi.org/10.1021/acs.jpca.5b05906?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.5b05906?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.5b05906?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.4916945
https://doi.org/10.1063/1.4916945
https://doi.org/10.1063/1.4916945
https://doi.org/10.1063/1.4963914
https://doi.org/10.1063/1.4963914
https://doi.org/10.1063/1.4963914
https://doi.org/10.1021/acs.jctc.5b01178?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.5b01178?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.5b01178?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.5b01178?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.4961551
https://doi.org/10.1063/1.4961551
https://doi.org/10.1063/1.4961551
https://doi.org/10.1063/1.4961551
https://doi.org/10.1063/1.4995301
https://doi.org/10.1063/1.4995301
https://doi.org/10.1063/1.5037815
https://doi.org/10.1063/1.5037815
https://doi.org/10.1063/1.5037815
https://doi.org/10.1063/1.5087160
https://doi.org/10.1063/1.5087160
https://doi.org/10.1063/1.5087160
https://doi.org/10.1063/1.5094458
https://doi.org/10.1063/1.5094458
https://doi.org/10.1063/1.5094458
https://doi.org/10.1063/1.5082596
https://doi.org/10.1063/1.5082596
https://doi.org/10.1063/1.5082596
https://doi.org/10.1039/C9FD00050J
https://doi.org/10.1039/C9FD00050J
https://doi.org/10.1039/C9FD00050J
https://doi.org/10.1063/1.5143412
https://doi.org/10.1063/1.5143412
https://doi.org/10.1021/acs.jpclett.7b03002?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.7b03002?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.5110891
https://doi.org/10.1063/1.5110891
https://doi.org/10.1063/1.5110891
https://doi.org/10.1021/acs.jpca.0c09750?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.0c09750?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.0c09750?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00709?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00709?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00709?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.9b01267?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.9b01267?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.9b01267?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00177?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00177?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00177?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00158?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00158?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00158?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.1366331
https://doi.org/10.1063/1.1366331
https://doi.org/10.1063/1.1366331
https://doi.org/10.1021/acs.jctc.0c00843?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00843?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c00843?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp5038602?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp5038602?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp404856p?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp404856p?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.101.033831
https://doi.org/10.1063/1.4946810
https://doi.org/10.1063/1.4946810
https://doi.org/10.1063/1.4946810
https://doi.org/10.1063/1674-0068/30/cjcp1711210
https://doi.org/10.1063/1674-0068/30/cjcp1711210
https://doi.org/10.1063/1674-0068/30/cjcp1711210
https://doi.org/10.1063/5.0083868
https://doi.org/10.1063/5.0083868
https://doi.org/10.1063/5.0090868
https://doi.org/10.1063/5.0090868
https://doi.org/10.1063/5.0029231
https://doi.org/10.1063/5.0029231
https://doi.org/10.1021/acs.jpcb.0c07078?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.0c07078?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0051667
https://doi.org/10.1063/5.0051667
https://doi.org/10.1063/5.0223628
https://doi.org/10.1063/5.0223628
https://doi.org/10.1021/acs.jpclett.3c03041?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c03041?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c03041?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.4979894
https://doi.org/10.1063/1.4979894
https://doi.org/10.1021/jz200059t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jz200059t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jz200059t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.475413
https://doi.org/10.1063/1.475413
https://doi.org/10.1063/1.475413
https://doi.org/10.1103/PhysRevA.6.709
https://doi.org/10.1103/PhysRevA.6.709
https://doi.org/10.1103/PhysRevA.6.709
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(230) Billing, G. D. On the Applicability of the Classical Trajectory
Equations in Inelastic Scattering Theory. Chem. Phys. Lett. 1975, 30,
391-393.

(231) Miller, W.; McCurdy, C. Classical Trajectory Model for
Electronically Nonadiabatic Collision Phenomena. A Classical Analog
for Electronic Degrees of Freedom. J. Chem. Phys. 1978, 69, 5163—
5173.

(232) Micha, D. A. A Self-Consistent Eikonal Treatment of
Electronic Transitions in Molecular Collisions. J. Chem. Phys. 1983,
78, 7138—7145.

(233) Li, X;; Tully, J. C; Schlegel, H. B,; Frisch, M. J. Ab Initio
Ehrenfest Dynamics. J. Chem. Phys. 2005, 123, No. 084106.

(234) Ehrenfest, P. Bemerkung Uber Die Angeniherte Giiltigkeit
Der Klassischen Mechanik Innerhalb Der Quantenmechanik. Z. Phys.
1927, 45, 455—457.

(235) Liu, J. A Unified Theoretical Framework for Mapping Models
for the Multi-State Hamiltonian. J. Chem. Phys. 2016, 145,
No. 20410S.

(236) Tang, D.; Fang, W.-H.; Shen, L.; Cui, G. Combining Meyer-
Miller Hamiltonian with Electronic Structure Methods for on-the-Fly
Nonadiabatic Dynamics Simulations: Implementation and Applica-
tion. Phys. Chem. Chem. Phys. 2019, 21, 17109—17117.

(237) Lin, K; Peng, J; Xu, C; Gu, F. L; Lan, Z. Trajectory
Propagation of Symmetrical Quasi-Classical Dynamics with Meyer-
Miller Mapping Hamiltonian Using Machine Learning. J. Phys. Chem.
Lett. 2022, 13, 11678—11688.

(238) Peng, J.; Xie, Y.; Hu, D; Lan, Z. Analysis of Bath Motion in
Mm-Sqc Dynamics Via Dimensionality Reduction Approach:
Principal Component Analysis. J. Chem. Phys. 2021, 154, No. 094122.

(239) Hu, D.; Xie, Y.; Peng, J; Lan, Z. On-the-Fly Symmetrical
Quasi-Classical Dynamics with Meyer—Miller Mapping Hamiltonian
for the Treatment of Nonadiabatic Dynamics at Conical Intersections.
J. Chem. Theory Comput. 2021, 17, 3267—3279.

(240) Zheng, J.; Peng, J.; Xie, Y.; Long, Y.; Ning, X.; Lan, Z. Study of
the Exciton Dynamics in Perylene Bisimide (PBI) Aggregates with
Symmetrical Quasiclassical Dynamics Based on the Meyer-Miller
Mapping Hamiltonian. Phys. Chem. Chem. Phys. 2020, 22, 18192—
18204.

(241) Zheng, J.; Xie, Y; Jiang, S.; Long, Y.; Ning, X.; Lan, Z. Initial
Sampling in Symmetrical Quasiclassical Dynamics Based on Li-Miller
Mapping Hamiltonian. Phys. Chem. Chem. Phys. 2019, 21, 26502—
26514.

(242) Xie, Y.; Zheng, J; Lan, Z. Performance Evaluation of the
Symmetrical Quasi-Classical Dynamics Method Based on Meyer-
Miller Mapping Hamiltonian in the Treatment of Site-Exciton
Models. J. Chem. Phys. 2018, 149, No. 1741085.

(243) Hu, Z.; Sun, X. All-Atom Nonadiabatic Semiclassical Mapping
Dynamics for Photoinduced Charge Transfer of Organic Photovoltaic
Molecules in Explicit Solvents. J. Chem. Theory Comput. 2022, 18,
5819-5836.

(244) Liu, Z. K; Lyu, N.; Hu, Z. B,; Zeng, H,; Batista, V. S.; Sun, X.
Benchmarking Various Nonadiabatic Semiclassical Mapping Dynam-
ics Methods with Tensor-Train Thermo-Field Dynamics. J. Chem.
Phys. 2024, 161, No. 024102.

(245) Hu, Z.; Brian, D.; Sun, X. Multi-State Harmonic Models with
Globally Shared Bath for Nonadiabatic Dynamics in the Condensed
Phase. J. Chem. Phys. 2021, 155, No. 124105.

(246) Liu, Z. K; Hu, H. R.; Sun, X. Multistate Reaction Coordinate
Model for Charge and Energy Transfer Dynamics in the Condensed
Phase. ]. Chem. Theory Comput. 2023, 19, 7151-7170.

(247) Sun, X.; Zhang, X. F.; Liu, Z. K. Generalized Nonequilibrium
Fermi’s Golden Rule and Its Semiclassical Approximations for
Electronic Transitions between Multiple States. . Chem. Phys. 2024,
160, No. 034108.

(248) Talbot, J. J.; Head-Gordon, M.; Miller, W. H.; Cotton, S. J.
Dynamic Signatures of Electronically Nonadiabatic Coupling in
Sodium Hydride: A Rigorous Test for the Symmetric Quasi-Classical
Model Applied to Realistic, Electronic States in the Adiabatic
Representation. Phys. Chem. Chem. Phys. 2022, 24, 4820—4831.

3809

(249) Talbot, J. J.; Head-Gordon, M.; Cotton, S. J. The Symmetric
Quasi-Classical Model Using on-the-Fly Time-Dependent Density
Functional Theory within the Tamm-Dancoff Approximation. Mol.
Phys. 2023, 121, No. e2153761.

(250) Liu, Z. K; Song, Z. L; Sun, X. All-Atom Photoinduced
Charge Transfer Dynamics in Condensed Phase Via Multistate
Nonlinear-Response Instantaneous Marcus Theory. J. Chem. Theory
Comput. 2024, 20, 3993—4006.

(251) Sun, X; Liu, Z. K. Reduced Density Matrix Dynamics in
Multistate Harmonic Models Via Time-Convolution and Time-
Convolutionless Quantum Master Equations with Quantum-Mechan-
ical and Semiclassical Kernels. J. Chem. Phys. 2024, 161, No. 184105.

(252) Tully, J. C; Preston, R. K. Trajectory Surface Hopping
Approach to Nonadiabatic Molecular Collisions: The Reaction of H*
with D,. J. Chem. Phys. 1971, §S, 562—572.

(253) Tully, J. C. Molecular Dynamics with Electronic Transitions. J.
Chem. Phys. 1990, 93, 1061—1071.

(254) Bjerre, A.; Nikitin, E. E. Energy Transfer in Collisions of an
Excited Sodium Atom with a Nitrogen Molecule. Chem. Phys. Lett.
1967, 1, 179—181.

(255) Nikitin, E. E., The Theory of Nonadiabatic Transitions:
Recent Development with Exponential Models. In Advances in
Quantum Chem.; Elsevier: 1970; Vol. S, pp 135—184.

(256) Hammes-Schiffer, S.; Tully, J. C. Proton Transfer in Solution:
Molecular Dynamics with Quantum Transitions. J. Chem. Phys. 1994,
101, 4657—4667.

(257) Tully, J. C. Perspective: Nonadiabatic Dynamics Theory. J.
Chem. Phys. 2012, 137, No. 22A301.

(258) Granucci, G.; Persico, M. Critical Appraisal of the Fewest
Switches Algorithm for Surface Hopping. J. Chem. Phys. 2007, 126,
No. 134114.

(259) Granucci, G.; Persico, M.; Spighi, G. Surface Hopping
Trajectory Simulations with Spin-Orbit and Dynamical Couplings. J.
Chem. Phys. 2012, 137, No. 22A501.

(260) Craig, C. F.; Duncan, W. R; Prezhdo, O. V. Trajectory
Surface Hopping in the Time-Dependent Kohn-Sham Approach for
Electron-Nuclear Dynamics. Phys. Rev. Lett. 2005, 95, No. 163001.

(261) Barbatti, M. Nonadiabatic Dynamics with Trajectory Surface
Hopping Method. Wiley Interdiscip. Rev. Comput. Mol. Sci. 2011, 1,
620—633.

(262) Xie, W. W.; Sapunar, M.; Doslic, N.; Sala, M.; Domcke, W.
Assessing the Performance of Trajectory Surface Hopping Methods:
Ultrafast Internal Conversion in Pyrazine. J. Chem. Phys. 2019, 150,
No. 154119.

(263) Peng, J; Xie, Y.; Hu, D,; Du, L; Lan, Z. Treatment of
Nonadiabatic Dynamics by on-the-Fly Trajectory Surface Hopping
Dynamics. Acta Phys.-Chim. Sin. 2019, 35, 28—48.

(264) Stojanovic, L.; Aziz, S. G.; Hilal, R. H.; Plasser, F.; Niehaus, T.
A.; Barbatti, M. Nonadiabatic Dynamics of Cycloparaphenylenes with
TD-DFTB Surface Hopping. ]. Chem. Theory Comput. 2017, 13,
5846—5860.

(265) Mai, S.; Marquetand, P.; Gonzlez, L. A General Method to
Describe Intersystem Crossing Dynamics in Trajectory Surface
Hopping. Int. . Quantum Chem. 2018, 115, 1215—1231.

(266) Shenvi, N.; Tully, J. C. Nonadiabatic Dynamics at Metal
Surfaces: Independent Electron Surface Hopping with Phonon and
Electron Thermostats. Faraday Discuss. 2012, 157, 325—335.

(267) Cui, G.; Thiel, W. Generalized Trajectory Surface-Hopping
Method for Internal Conversion and Intersystem Crossing. J. Chem.
Phys. 2014, 141, No. 124101.

(268) Li, X; Xie, Y.; Hu, D.; Lan, Z. Analysis of the Geometrical
Evolution in on-the-Fly Surface-Hopping Nonadiabatic Dynamics
with Machine Learning Dimensionality Reduction Approaches:
Classical Multidimensional Scaling and Isometric Feature Mapping.
J. Chem. Theory Comput. 2017, 13, 4611—4623.

(269) Du, L.; Lan, Z. An on-the-Fly Surface-Hopping Program
JADE for Nonadiabatic Molecular Dynamics of Polyatomic Systems:
Implementation and Applications. J. Chem. Theory Comput. 2015, 11,
1360—1374.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1016/0009-2614(75)80014-5
https://doi.org/10.1016/0009-2614(75)80014-5
https://doi.org/10.1063/1.436463
https://doi.org/10.1063/1.436463
https://doi.org/10.1063/1.436463
https://doi.org/10.1063/1.444753
https://doi.org/10.1063/1.444753
https://doi.org/10.1063/1.2008258
https://doi.org/10.1063/1.2008258
https://doi.org/10.1007/BF01329203
https://doi.org/10.1007/BF01329203
https://doi.org/10.1063/1.4967815
https://doi.org/10.1063/1.4967815
https://doi.org/10.1039/C9CP02682G
https://doi.org/10.1039/C9CP02682G
https://doi.org/10.1039/C9CP02682G
https://doi.org/10.1039/C9CP02682G
https://doi.org/10.1021/acs.jpclett.2c02159?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c02159?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c02159?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0039743
https://doi.org/10.1063/5.0039743
https://doi.org/10.1063/5.0039743
https://doi.org/10.1021/acs.jctc.0c01249?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c01249?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.0c01249?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1039/D0CP00648C
https://doi.org/10.1039/D0CP00648C
https://doi.org/10.1039/D0CP00648C
https://doi.org/10.1039/D0CP00648C
https://doi.org/10.1039/C9CP03975A
https://doi.org/10.1039/C9CP03975A
https://doi.org/10.1039/C9CP03975A
https://doi.org/10.1063/1.5047002
https://doi.org/10.1063/1.5047002
https://doi.org/10.1063/1.5047002
https://doi.org/10.1063/1.5047002
https://doi.org/10.1021/acs.jctc.2c00631?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00631?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.2c00631?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0208708
https://doi.org/10.1063/5.0208708
https://doi.org/10.1063/5.0064763
https://doi.org/10.1063/5.0064763
https://doi.org/10.1063/5.0064763
https://doi.org/10.1021/acs.jctc.3c00770?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.3c00770?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.3c00770?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0185076
https://doi.org/10.1063/5.0185076
https://doi.org/10.1063/5.0185076
https://doi.org/10.1039/D1CP04090A
https://doi.org/10.1039/D1CP04090A
https://doi.org/10.1039/D1CP04090A
https://doi.org/10.1039/D1CP04090A
https://doi.org/10.1080/00268976.2022.2153761
https://doi.org/10.1080/00268976.2022.2153761
https://doi.org/10.1080/00268976.2022.2153761
https://doi.org/10.1021/acs.jctc.4c00010?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00010?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00010?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0231561
https://doi.org/10.1063/5.0231561
https://doi.org/10.1063/5.0231561
https://doi.org/10.1063/5.0231561
https://doi.org/10.1063/1.1675788
https://doi.org/10.1063/1.1675788
https://doi.org/10.1063/1.1675788
https://doi.org/10.1063/1.459170
https://doi.org/10.1016/0009-2614(67)85041-3
https://doi.org/10.1016/0009-2614(67)85041-3
https://doi.org/10.1063/1.467455
https://doi.org/10.1063/1.467455
https://doi.org/10.1063/1.4757762
https://doi.org/10.1063/1.2715585
https://doi.org/10.1063/1.2715585
https://doi.org/10.1063/1.4707737
https://doi.org/10.1063/1.4707737
https://doi.org/10.1103/PhysRevLett.95.163001
https://doi.org/10.1103/PhysRevLett.95.163001
https://doi.org/10.1103/PhysRevLett.95.163001
https://doi.org/10.1002/wcms.64
https://doi.org/10.1002/wcms.64
https://doi.org/10.1063/1.5084961
https://doi.org/10.1063/1.5084961
https://doi.org/10.3866/PKU.WHXB201801042
https://doi.org/10.3866/PKU.WHXB201801042
https://doi.org/10.3866/PKU.WHXB201801042
https://doi.org/10.1021/acs.jctc.7b01000?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b01000?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1002/qua.24891
https://doi.org/10.1002/qua.24891
https://doi.org/10.1002/qua.24891
https://doi.org/10.1039/c2fd20032e
https://doi.org/10.1039/c2fd20032e
https://doi.org/10.1039/c2fd20032e
https://doi.org/10.1063/1.4894849
https://doi.org/10.1063/1.4894849
https://doi.org/10.1021/acs.jctc.7b00394?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00394?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00394?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00394?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ct501106d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ct501106d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ct501106d?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(270) Duren, R. Differential Cross Sections for Alkali-Halogen
Collisions from Trajectory Calculations on Intersecting Surfaces. J.
Phys. B: At. Mol. Phys. 1973, 6, 1801—1813.

(271) Blais, N. C.; Truhlar, D. G. Trajectory-Surface-Hopping Study
of Na(3p *P) + H, — Na(3s 2S)+H,(v ’, j ’, ). J. Chem. Phys. 1983,
79, 1334—1342.

(272) Zhu, C.; Nakamura, H. Theory of Nonadiabatic Transition for
General Two-State Curve Crossing Problems. I. Nonadiabatic
Tunneling Case. . Chem. Phys. 1994, 101, 10630—10647.

(273) Zhu, C.; Nakamura, H. Theory of Nonadiabatic Transition for
General Two-State Curve Crossing Problems. II. Landau-Zener Case.
J. Chem. Phys. 1995, 102, 7448—7461.

(274) Zhu, C. Y,; Nobusada, K.; Nakamura, H. New Implementa-
tion of the Trajectory Surface Hopping Method with Use of the Zhu-
Nakamura Theory. J. Chem. Phys. 2001, 115, 3031—3044.

(275) Kapral, R. Surface Hopping from the Perspective of Quantum-
Classical Liouville Dynamics. Chem. Phys. 2016, 481, 77—83.

(276) Shenvi, N. Phase-Space Surface Hopping: Nonadiabatic
Dynamics in a Superadiabatic Basis. J. Chem. Phys. 2009, 130,
No. 124117.

(277) Jaeger, H. M,; Fischer, S.; Prezhdo, O. V. Decoherence-
Induced Surface Hopping. J. Chem. Phys. 2012, 137, No. 22A545.

(278) Shenvi, N.; Subotnik, J. E; Yang, W. T. Phase-Corrected
Surface Hopping: Correcting the Phase Evolution of the Electronic
Wavefunction. J. Chem. Phys. 2011, 135, No. 024101.

(279) Subotnik, J. E.; Shenvi, N. A New Approach to Decoherence
and Momentum Rescaling in the Surface Hopping Algorithm. J.
Chem. Phys. 2011, 134, No. 02410S.

(280) Jain, A; Alguire, E.; Subotnik, J. E. An Efficient, Augmented
Surface Hopping Algorithm That Includes Decoherence for Use in
Large-Scale Simulations. J. Chem. Theory Comput. 2016, 12, 5256—
5268.

(281) Subotnik, J. E.; Jain, A.; Landry, B.; Petit, A; Ouyang, W.;
Bellonzi, N. Understanding the Surface Hopping View of Electronic
Transitions and Decoherence. Annu. Rev. Phys. Chem. 2016, 67, 387—
417.

(282) Shushkov, P.; Li, R; Tully, J. C. Ring Polymer Molecular
Dynamics with Surface Hopping. J. Chem. Phys. 2012, 137,
No. 22A549.

(283) Akimov, A. V.; Prezhdo, O. V. Second-Quantized Surface
Hopping. Phys. Rev. Lett. 2014, 113, No. 153003.

(284) Wang, L.; Akimov, A,; Prezhdo, O. V. Recent Progress in
Surface Hopping: 2011—201S. J. Phys. Chem. Lett. 2016, 7, 2100—
2112.

(285) Martens, C. C. Surface Hopping by Consensus. J. Phys. Chem.
Lett. 2016, 7, 2610—26135.

(286) Martens, C. C. Surface Hopping without Momentum Jumps:
A Quantum-Trajectory-Based Approach to Nonadiabatic Dynamics. J.
Phys. Chem. A 2019, 123, 1110—1128.

(287) Martens, C. C. Classical and Nonclassical Effects in Surface
Hopping Methodology for Simulating Coupled Electronic-Nuclear
Dynamics. Faraday Discuss. 2020, 221, 449—477.

(288) Huang, D. M,; Green, A. T.; Martens, C. C. A First Principles
Derivation of Energy-Conserving Momentum Jumps in Surface
Hopping Simulations. J. Chem. Phys. 2023, 159, No. 214108.

(289) Yue, L;; Yu, L,; Xu, C.; Lei, Y,; Liu, Y.; Zhu, C. Benchmark
Performance of Global Switching Versus Local Switching for
Trajectory Surface Hopping Molecular Dynamics Simulation: Cis<-
>Trans Azobenzene Photoisomerization. ChemPhysChem 2017, 18,
1274—1287.

(290) Gao, X.; Thiel, W. Non-Hermitian Surface Hopping. Phys.
Rev. E 2017, 95, No. 013308.

(291) Wang, L,; Qiu, J.; Bai, X.; Xu, J. Surface Hopping Methods for
Nonadiabatic Dynamics in Extended Systems. Wiley Interdiscip. Rev.
Comput. Mol. Sci. 2020, 10, No. e143S.

(292) Huang, L; Shi, Z; Wang, L. Detailed Complementary
Consistency: Wave Function Tells Particle How to Hop, Particle Tells
Wave Function How to Collapse. J. Phys. Chem. Lett. 2024, 15, 6771—
6781.

3810

(293) Xu, J; Shi, Z.; Wang, L. Consistent Construction of the
Density Matrix from Surface Hopping Trajectories. J. Chem. Theory
Comput. 2024, 20, 2349—2361.

(294) Mannouch, J. R; Richardson, J. O. A Mapping Approach to
Surface Hopping. J. Chem. Phys. 2023, 158, No. 104111.

(295) Runeson, J. E.; Manolopoulos, D. E. A Multi-State Mapping
Approach to Surface Hopping. J. Chem. Phys. 2023, 159, No. 094115.

(296) Truhlar, D. G. Effective Potentials for Intermediate-Energy
Electron Scattering: Testing Theoretical Models. In Chemical
Applications of Atomic and Molecular Electrostatic Potentials; Politzer,
P.; Truhlar, D. G., Eds.; Springer US: Boston, MA, 1981; pp 123—
172.

(297) Zhu, C. Y,; Jasper, A. W, Truhlar, D. G. Non-Born-
Oppenheimer Trajectories with Self-Consistent Decay of Mixing. J.
Chem. Phys. 2004, 120, 5543—5557.

(298) Zhu, C. Y.; Nangia, S.; Jasper, A. W.; Truhlar, D. G. Coherent
Switching with Decay of Mixing: An Improved Treatment of
Electronic Coherence for Non-Born-Oppenheimer Trajectories. J.
Chem. Phys. 2004, 121, 7658—7670.

(299) Yonehara, T.; Takatsuka, K. Phase-Space Averaging and
Natural Branching of Nuclear Paths for Nonadiabatic Electron
Wavepacket Dynamics. J. Chem. Phys. 2008, 129, No. 134109.

(300) Tao, G. A Multi-State Trajectory Method for Non-Adiabatic
Dynamics Simulations. J. Chem. Phys. 2016, 144, No. 094108.

(301) Tao, G. Coherence-Controlled Nonadiabatic Dynamics Via
State-Space Decomposition: A Consistent Way to Incorporate
Ehrenfest and Born-Oppenheimer-Like Treatments of Nuclear
Motion. J. Phys. Chem. Lett. 2016, 7, 4335—4339.

(302) Tao, G. H. Multi-State Trajectory Approach to Non-Adiabatic
Dynamics: General Formalism and the Active State Trajectory
Approximation. J. Chem. Phys. 2017, 147, No. 044107.

(303) Akimov, A. V.; Long, R; Prezhdo, O. V. Coherence Penalty
Functional: A Simple Method for Adding Decoherence in Ehrenfest
Dynamics. J. Chem. Phys. 2014, 140, No. 194107.

(304) Esch, M. P.; Levine, B. G. Decoherence-Corrected Ehrenfest
Molecular Dynamics on Many Electronic States. J. Chem. Phys. 2020,
153, No. 114104.

(305) Esch, M. P.; Levine, B. G. An Accurate, Non-Empirical
Method for Incorporating Decoherence into Ehrenfest Dynamics. J.
Chem. Phys. 2021, 155, No. 214101.

(306) Ben-Nun, M.; Martnez, T. J. Nonadiabatic Molecular
Dynamics: Validation of the Multiple Spawning Method for a
Multidimensional Problem. J. Chem. Phys. 1998, 108, 7244—7257.

(307) Ben-Nun, M.; Martinez, T. J. Electronic Absorption and
Resonance Raman Spectroscopy from Ab Initio Quantum Molecular
Dynamics. J. Phys. Chem. A 1999, 103, 10517—10527.

(308) Ben-Nun, M.; Quenneville, J.; Martinez, T. J. Ab Initio
Multiple Spawning: Photochemistry from First Principles Quantum
Molecular Dynamics. J. Phys. Chem. A 2000, 104, 5161—5175.

(309) Martinez, T. J.; Levine, R. D. Dynamics of the Collisional
Electron Transfer and Femtosecond Photodissociation of Nal on Ab
Initio Electronic Energy Curves. Chem. Phys. Lett. 1996, 259, 252—
260.

(310) Abedi, A.; Maitra, N. T.; Gross, E. K. U. Exact Factorization of
the Time-Dependent Electron-Nuclear Wave Function. Phys. Rev.
Lett. 2010, 10S, No. 123002.

(311) Abedi, A.; Maitra, N. T.; Gross, E. K. U. Correlated Electron-
Nuclear Dynamics: Exact Factorization of the Molecular Wave-
function. J. Chem. Phys. 2012, 137, No. 22AS530.

(312) Agostini, F.; Abedi, A.; Suzuki, Y.; Gross, E. K. U. Mixed
Quantum-Classical Dynamics on the Exact Time-Dependent
Potential Energy Surface: A Fresh Look at Non-Adiabatic Processes.
Mol. Phys. 2013, 111, 3625—3640.

(313) Shalashilin, D. V. Multiconfigurational Ehrenfest Approach to
Quantum Coherent Dynamics in Large Molecular Systems. Faraday
Discuss. 2011, 153, 105—116.

(314) Saita, K; Shalashilin, D. V. On-the-Fly Ab Initio Molecular
Dynamics with Multiconfigurational Ehrenfest Method. J. Chem. Phys.
2012, 137, No. 22A506.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1088/0022-3700/6/9/024
https://doi.org/10.1088/0022-3700/6/9/024
https://doi.org/10.1063/1.445888
https://doi.org/10.1063/1.445888
https://doi.org/10.1063/1.467877
https://doi.org/10.1063/1.467877
https://doi.org/10.1063/1.467877
https://doi.org/10.1063/1.469057
https://doi.org/10.1063/1.469057
https://doi.org/10.1063/1.1386811
https://doi.org/10.1063/1.1386811
https://doi.org/10.1063/1.1386811
https://doi.org/10.1016/j.chemphys.2016.05.016
https://doi.org/10.1016/j.chemphys.2016.05.016
https://doi.org/10.1063/1.3098321
https://doi.org/10.1063/1.3098321
https://doi.org/10.1063/1.4757100
https://doi.org/10.1063/1.4757100
https://doi.org/10.1063/1.3603447
https://doi.org/10.1063/1.3603447
https://doi.org/10.1063/1.3603447
https://doi.org/10.1063/1.3506779
https://doi.org/10.1063/1.3506779
https://doi.org/10.1021/acs.jctc.6b00673?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00673?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00673?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1146/annurev-physchem-040215-112245
https://doi.org/10.1146/annurev-physchem-040215-112245
https://doi.org/10.1063/1.4766449
https://doi.org/10.1063/1.4766449
https://doi.org/10.1103/PhysRevLett.113.153003
https://doi.org/10.1103/PhysRevLett.113.153003
https://doi.org/10.1021/acs.jpclett.6b00710?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.6b00710?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.6b01186?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.8b10487?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.8b10487?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1039/C9FD00042A
https://doi.org/10.1039/C9FD00042A
https://doi.org/10.1039/C9FD00042A
https://doi.org/10.1063/5.0178534
https://doi.org/10.1063/5.0178534
https://doi.org/10.1063/5.0178534
https://doi.org/10.1002/cphc.201700049
https://doi.org/10.1002/cphc.201700049
https://doi.org/10.1002/cphc.201700049
https://doi.org/10.1002/cphc.201700049
https://doi.org/10.1103/PhysRevE.95.013308
https://doi.org/10.1002/wcms.1435
https://doi.org/10.1002/wcms.1435
https://doi.org/10.1021/acs.jpclett.4c01313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.4c01313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.4c01313?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00137?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00137?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0139734
https://doi.org/10.1063/5.0139734
https://doi.org/10.1063/5.0158147
https://doi.org/10.1063/5.0158147
https://doi.org/10.1063/1.1648306
https://doi.org/10.1063/1.1648306
https://doi.org/10.1063/1.1793991
https://doi.org/10.1063/1.1793991
https://doi.org/10.1063/1.1793991
https://doi.org/10.1063/1.2987302
https://doi.org/10.1063/1.2987302
https://doi.org/10.1063/1.2987302
https://doi.org/10.1063/1.4943006
https://doi.org/10.1063/1.4943006
https://doi.org/10.1021/acs.jpclett.6b01857?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.6b01857?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.6b01857?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.6b01857?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.4985898
https://doi.org/10.1063/1.4985898
https://doi.org/10.1063/1.4985898
https://doi.org/10.1063/1.4875702
https://doi.org/10.1063/1.4875702
https://doi.org/10.1063/1.4875702
https://doi.org/10.1063/5.0022529
https://doi.org/10.1063/5.0022529
https://doi.org/10.1063/5.0070686
https://doi.org/10.1063/5.0070686
https://doi.org/10.1063/1.476142
https://doi.org/10.1063/1.476142
https://doi.org/10.1063/1.476142
https://doi.org/10.1021/jp992197r?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp992197r?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp992197r?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp994174i?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp994174i?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp994174i?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/0009-2614(96)00765-8
https://doi.org/10.1016/0009-2614(96)00765-8
https://doi.org/10.1016/0009-2614(96)00765-8
https://doi.org/10.1103/PhysRevLett.105.123002
https://doi.org/10.1103/PhysRevLett.105.123002
https://doi.org/10.1063/1.4745836
https://doi.org/10.1063/1.4745836
https://doi.org/10.1063/1.4745836
https://doi.org/10.1080/00268976.2013.843731
https://doi.org/10.1080/00268976.2013.843731
https://doi.org/10.1080/00268976.2013.843731
https://doi.org/10.1039/c1fd00034a
https://doi.org/10.1039/c1fd00034a
https://doi.org/10.1063/1.4734313
https://doi.org/10.1063/1.4734313
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

Review

pubs.acs.org/JCTC

(315) Makhov, D. V.; Glover, W. J.; Martinez, T. J.; Shalashilin, D.
V. Ab Initio Multiple Cloning Algorithm for Quantum Nonadiabatic
Molecular Dynamics. J. Chem. Phys. 2014, 141, No. 054110.

(316) Freixas, V. M.; White, A. J.; Nelson, T.; Song, H. J.; Makhov,
D. V.; Shalashilin, D.; Fernandez-Alberti, S.; Tretiale, S. Nonadiabatic
Excited-State Molecular Dynamics Methodologies: Comparison and
Convergence. J. Phys. Chem. Lett. 2021, 12, 2970—2982.

(317) Liu, J. Isomorphism between the Multi-State Hamiltonian and
the Second-Quantized Many-Electron Hamiltonian with Only 1-
Electron Interactions. J. Chem. Phys. 2017, 146, No. 024110.

(318) He, X; Liu, J. A New Perspective for Nonadiabatic Dynamics
with Phase Space Mapping Models. J. Chem. Phys. 2019, 151,
No. 02410S.

(319) He, X;; Gong, Z.; Wu, B.; Liu, J. Negative Zero-Point-Energy
Parameter in the Meyer-Miller Mapping Model for Nonadiabatic
Dynamics. J. Phys. Chem. Lett. 2021, 12, 2496—2501.

(320) He, X.; Wy, B,; Gong, Z; Liu, J. Commutator Matrix in Phase
Space Mapping Models for Nonadiabatic Quantum Dynamics. J. Phys.
Chem. A 2021, 125, 6845—6863.

(321) Wu, B; He, X; Liu, J. Phase Space Mapping Theory for
Nonadiabatic Quantum Molecular Dynamics. In Time-Dependent
Density Functional Theory: Nonadiabatic Molecular Dynamics; Zhu, C.,
Ed,; Jenny Stanford Publishing: New York, 2022.

(322) Wuy, B.; He, X;; Liu, J. Nonadiabatic Field on Quantum Phase
Space: A Century after Ehrenfest. J. Phys. Chem. Lett. 2024, 15, 644—
658.

(323) Cheng, X; He, X; Liu, J. A Novel Class of Phase Space
Representations for Exact Population Dynamics of Two-State
Quantum Systems and the Relation to Triangle Window Functions.
Chin. J. Chem. Phys. 2024, 37, 230—254.

(324) He, X; Cheng, X;; Wu, B; Liu, J. Nonadiabatic Field with
Triangle Window Functions on Quantum Phase Space. J. Phys. Chem.
Lett. 2024, 15, 5452—5466.

(325) Shang, Y. On Quantum Phase Space Mapping Theory and
Trajectory-Based Dynamics Approaches. B. S. Thesis, (Adviser: Liu,
J.) Peking University, China, 2022.

(326) Shang, Y.; Cheng, X; Liu, J, Constraint Phase Space
Formulations for Finite-State Quantum Systems: The Relation
between Commutator Variables and Complex Stiefel Manifolds.
arXiv: 2503.16062. DOI: 10.48550/arXiv.2503.16062

(327) Atiyah, M. F; Todd, J. A. On Complex Stiefel Manifolds.
Math. Proc. Cambridge Philos. Soc. 1960, 56, 342—353.

(328) Hatcher, A. Algebraic Topology.; Cambridge University Press:
Cambridge, 2002.

(329) Lang, H.; Vendrell, O.; Hauke, P. Generalized Discrete
Truncated Wigner Approximation for Nonadiabatic Quantum-
Classical Dynamics. J. Chem. Phys. 2021, 1S5, No. 024111.

(330) Stratonovich, R. L. On Distributions in Representation Space.
Zh. Eksp. Teor. Fiz. 1956, 31, 1012.

(331) Berezin, F. A. General Concept of Quantization. Commun.
Math. Phys. 1975, 40, 153—174.

(332) Klimov, A. B. Exact Evolution Equations for SU(2)
Quasidistribution Functions. J. Math. Phys. 2002, 43, 2202—2213.

(333) Tilma, T.; Nemoto, K. SU(N)-Symmetric Quasi-Probability
Distribution Functions. J. Phys. A: Math. Theor. 2012, 45, No. 015302.

(334) Barguefio, P.; Miret—Artés, S. Dissipative and Stochastic
Geometric Phase of a Qubit within a Canonical Langevin Framework.
Phys. Rev. A 2013, 87, No. 012125.

(335) Pefate-Rodriguez, H. C.; Dorta-Urra, A.; Barguefio, P.; Rojas-
Lorenzo, G.; Miret-Artés, S. A Langevin Canonical Approach to the
Dynamics of Chiral Systems: Populations and Coherences. Chirality
2013, 25, 514—520.

(336) Pefiate-Rodriguez, H. C.; Dorta-Urra, A.; Barguefio, P.; Rojas-
Lorenzo, G.; Miret-Artés, S. A Langevin Canonical Approach to the
Dynamics of Chiral Systems: Thermal Averages and Heat Capacity.
Chirality 2014, 26, 319—325.

(337) Luis, A.; Garcia, G., Semiclassical Approaches Are
Inconsistent. arXiv 2018, DOI: 10.48550/arXiv.1801.03642.

3811

(338) Garcia, G.; Ares, L.; Luis, A. Phase Space Quantum—Classical
Hybrid Model. Ann. Phys. 2019, 411, No. 167961.

(339) Rundle, R. P.; Tilma, T.; Samson, J. H.; Dwyer, V. M.; Bishop,
R. F; Everitt, M. J. General Approach to Quantum Mechanics as a
Statistical Theory. Phys. Rev. A 2019, 99, No. 012115.

(340) Wu, B; He, X; Liu, J. Supporting Information of
"Nonadiabatic Field on Quantum Phase Space: A Century after
Ehrenfest”. https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.
3c¢03385/suppl_file/jz3c03385_si_001.pdf.

(341) Lang, H. Quantum Dynamics of Chemical Systems with Large
Number of Degrees of Freedom: Linearized Phase Space Methods
and Quantum Simulations. Ph.D. Dissertation, (Adviser: Hauke, P. H.
J; Romagosa, O. V.) Ruprecht Karl University of Heidelberg,
Heidelberg, Germany, 2022.

(342) Yarkony, D. R. Diabolical Conical Intersections. Rev. Mod.
Phys. 1996, 68, 985—1013.

(343) Mead, C. A. The Geometric Phase in Molecular-Systems. Rev.
Mod. Phys. 1992, 64, 51—85.

(344) Das, A. Field Theory: A Path Integral Approach. World
Scientific: Singapore, 2019.

(345) He, X.; Wy, B.; Shang, Y.; Li, B.; Cheng, X,; Liu, J. Supporting
Information of "New Phase Space Formulations and Quantum
Dynamics Approaches”. https://wires.onlinelibrary.wiley.com/
action/downloadSupplement?doi=10.1002%2Fwcms.1619&file=
wems1619-sup-0001-Appendix+S1.pdf.

(346) He, X.; Wu, B; Gong, Z.; Liu, J. Supporting Information of
"Commutator Matrix in Phase Space Mapping Models for Non-
adiabatic Quantum Dynamics”. https://pubs.acs.org/doi/suppl/10.
1021/acs.jpca.1c04429/suppl file/jp1c04429 si 001.pdf.

(347) He, X.; Wy, B. H,; Rivlin, T.; Liu, J.; Pollak, E. Transition Path
Flight Times and Nonadiabatic Electronic Transitions. J. Phys. Chem.
Lett. 2022, 13, 6966—6974.

(348) Wong, S. K. Field and Particle Equations for the Classical
Yang-Mills Field and Particles with Isotopic Spin. Il Nuovo Cimento A
1970, 65, 689—694.

(349) Amano, M.; Takatsuka, K. Quantum Fluctuation of Electronic
Wave-Packet Dynamics Coupled with Classical Nuclear Motions. J.
Chem. Phys. 2005, 122, No. 084113.

(350) Hele, T. J. H.; Ananth, N. Deriving the Exact Nonadiabatic
Quantum Propagator in the Mapping Variable Representation.
Faraday Discuss. 2016, 195, 269—289.

(351) He, X.; Cheng, X.; Wu, B.; Liu, J. Supporting Information of
"Nonadiabatic Field with Triangle Window Functions on Quantum
Phase Space”. https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.
4c00793/suppl_file/jz4c00793_si_001.pdf.

(352) He, X. New Nonadiabatic Dynamics Methods with Phase
Space Mapping Models. B.S. Thesis, (Adviser: Liu, J.) Peking
University, Beijing, China, 2019.

(353) Tilma, T.; Everitt, M. J.; Samson, J. H,; Munro, W. J;
Nemoto, K. Wigner Functions for Arbitrary Quantum Systems. Phys.
Rev. Lett. 2016, 117, No. 180401.

(354) Runeson, J. E; Richardson, J. O. Spin-Mapping Approach for
Nonadiabatic Molecular Dynamics. ]. Chem. Phys. 2019, 151,
No. 044119.

(355) Gardner, J.; Douglas-Gallardo, O. A.; Stark, W. G;
Westermayr, J.; Janke, S. M.; Habershon, S.; Maurer, R. J.
NQCDynamics.jl: A Julia Package for Nonadiabatic Quantum
Classical Molecular Dynamics in the Condensed Phase. J. Chem.
Phys. 2022, 156, No. 174801.

(356) Lang, H.; Hauke, P. Short-Time Accuracy and Intra-Electron
Correlation for Nonadiabatic Quantum-—Classical Mapping Ap-
proaches. J. Chem. Phys. 2024, 161, No. 234108.

(357) Zhang, J.; Liu, J.; Chen, L., Twin-Space Representation of
Classical Mapping Model in the Constraint Phase Space Representa-
tion: Numerically Exact Approach to Open Quantum Systems. 2025,
DOI: 10.48550/arXiv.2502.08044.

(358) Schneider, R.; Domcke, W. S;-S, Conical Intersection and
Ultrafast S,—S; Internal Conversion in Pyrazine. Chem. Phys. Lett.
1988, 150, 235—242.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1063/1.4891530
https://doi.org/10.1063/1.4891530
https://doi.org/10.1021/acs.jpclett.1c00266?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00266?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00266?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.4973708
https://doi.org/10.1063/1.4973708
https://doi.org/10.1063/1.4973708
https://doi.org/10.1063/1.5108736
https://doi.org/10.1063/1.5108736
https://doi.org/10.1021/acs.jpclett.1c00232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c00232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.1c04429?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpca.1c04429?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c03385?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.3c03385?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1674-0068/cjcp2403033
https://doi.org/10.1063/1674-0068/cjcp2403033
https://doi.org/10.1063/1674-0068/cjcp2403033
https://doi.org/10.1021/acs.jpclett.4c00793?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.4c00793?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.48550/arXiv.2503.16062
https://doi.org/10.48550/arXiv.2503.16062
https://doi.org/10.48550/arXiv.2503.16062
https://doi.org/10.48550/arXiv.2503.16062?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1017/S0305004100034642
https://doi.org/10.1063/5.0054696
https://doi.org/10.1063/5.0054696
https://doi.org/10.1063/5.0054696
https://doi.org/10.1007/BF01609397
https://doi.org/10.1063/1.1463711
https://doi.org/10.1063/1.1463711
https://doi.org/10.1088/1751-8113/45/1/015302
https://doi.org/10.1088/1751-8113/45/1/015302
https://doi.org/10.1103/PhysRevA.87.012125
https://doi.org/10.1103/PhysRevA.87.012125
https://doi.org/10.1002/chir.22155
https://doi.org/10.1002/chir.22155
https://doi.org/10.1002/chir.22326
https://doi.org/10.1002/chir.22326
https://doi.org/10.48550/arXiv.1801.03642
https://doi.org/10.48550/arXiv.1801.03642
https://doi.org/10.48550/arXiv.1801.03642?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/j.aop.2019.167961
https://doi.org/10.1016/j.aop.2019.167961
https://doi.org/10.1103/PhysRevA.99.012115
https://doi.org/10.1103/PhysRevA.99.012115
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.3c03385/suppl_file/jz3c03385_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.3c03385/suppl_file/jz3c03385_si_001.pdf
https://doi.org/10.1103/RevModPhys.68.985
https://doi.org/10.1103/RevModPhys.64.51
https://wires.onlinelibrary.wiley.com/action/downloadSupplement?doi=10.1002%2Fwcms.1619&file=wcms1619-sup-0001-Appendix+S1.pdf
https://wires.onlinelibrary.wiley.com/action/downloadSupplement?doi=10.1002%2Fwcms.1619&file=wcms1619-sup-0001-Appendix+S1.pdf
https://wires.onlinelibrary.wiley.com/action/downloadSupplement?doi=10.1002%2Fwcms.1619&file=wcms1619-sup-0001-Appendix+S1.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.1c04429/suppl_file/jp1c04429_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpca.1c04429/suppl_file/jp1c04429_si_001.pdf
https://doi.org/10.1021/acs.jpclett.2c01425?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c01425?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1007/BF02892134
https://doi.org/10.1007/BF02892134
https://doi.org/10.1063/1.1854115
https://doi.org/10.1063/1.1854115
https://doi.org/10.1039/C6FD00106H
https://doi.org/10.1039/C6FD00106H
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c00793/suppl_file/jz4c00793_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.4c00793/suppl_file/jz4c00793_si_001.pdf
https://doi.org/10.1103/PhysRevLett.117.180401
https://doi.org/10.1063/1.5100506
https://doi.org/10.1063/1.5100506
https://doi.org/10.1063/5.0089436
https://doi.org/10.1063/5.0089436
https://doi.org/10.1063/5.0242276
https://doi.org/10.1063/5.0242276
https://doi.org/10.1063/5.0242276
https://doi.org/10.48550/arXiv.2502.08044
https://doi.org/10.48550/arXiv.2502.08044
https://doi.org/10.48550/arXiv.2502.08044
https://doi.org/10.48550/arXiv.2502.08044?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/0009-2614(88)80034-4
https://doi.org/10.1016/0009-2614(88)80034-4
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(359) Krempl, S.; Winterstetter, M.; Plohn, H.; Domcke, W. Path-
Integral Treatment of Multi-Mode Vibronic Coupling. J. Chem. Phys.
1994, 100, 926—937.

(360) Worth, G. A; Welch, G.; Paterson, M. J. AWavepacket
Dynamics Study of Cr(CO); after Formation by Photodissociation:
Relaxation through an (E @ A) ® e Jahn—Teller Conical
Intersection. Mol. Phys. 2006, 104, 1095—1105.

(361) Worth, G. A;; Beck, M. H.; Jackle, A; Meyer, H.-D. The
MCTDH Package, Version 8.2, (2000). H.-D. Meyer, Version 8.3
(2002), Version 8.4 (2007). O. Vendrell and H.-D. Meyer Version 8.5
(2013). Version 8.5 contains the ML-MCTDH algorithm. See http://
mctdh.uni-hd.de. (accessed on November 1st, 2023) Used version:
8.5.14.

(362) Green, J. A; Jouybari, M. Y.; Aranda, D.; Improta, R.; Santoro,
F. Nonadiabatic Absorption Spectra and Ultrafast Dynamics of DNA
and RNA Photoexcited Nucleobases. Molecules 2021, 26, 1743.

(363) Colbert, D. T.; Miller, W. H. A Novel Discrete Variable
Representation for Quantum Mechanical Reactive Scattering Via the
S-Matrix Kohn Method. J. Chem. Phys. 1992, 96, 1982—1991.

(364) Weiss, U. Quantum Dissipative Systems; World Scientific:
Singapore, 2012.

(365) Nitzan, A. Chemical Dynamics in Condensed Phases: Relaxation,
Transfer, and Reactions in Condensed Molecular Systems. Oxford
University Press: New York, 2006.

(366) Leggett, A. J.; Chakravarty, S.; Dorsey, A. T.; Fisher, M. P. A,
Garg, A.; Zwerger, W. Dynamics of the Dissipative Two-State System.
Rev. Mod. Phys. 1987, 59, 1-85.

(367) Segal, D. Heat Transfer in the Spin-Boson Model: A
Comparative Study in the Incoherent Tunneling Regime. Phys. Rev.
E 2014, 90, No. 012148.

(368) Shen, Y. L.; Zhou, N. J. Numerical Variational Studies of
Quantum Phase Transitions in the Sub-Ohmic Spin-Boson Model
with Multiple Polaron Ansatz. Comput. Phys. Commun. 2023, 293,
No. 10889S.

(369) Vojta, M.; Tong, N. H.; Bulla, R. Quantum Phase Transitions
in the Sub-Ohmic Spin-Boson Model: Failure of the Quantum-
Classical Mapping. Phys. Rev. Lett. 2005, 94, No. 070604.

(370) Wang, Q.; Gong, Z.; Duan, C.; Tang, Z.; Wu, J. Dynamical
Scaling in the Ohmic Spin-Boson Model Studied by Extended
Hierarchical Equations of Motion. ]. Chem. Phys. 2019, 150,
No. 084114.

(371) Yang, C. H.; Wang, H. Heat Transport in a Spin-Boson Model
at Low Temperatures: A Multilayer Multiconfiguration Time-
Dependent Hartree Study. Entropy 2020, 22, 1099.

(372) Loring, R. F. Calculating Multidimensional Optical Spectra
from Classical Trajectories. Annu. Rev. Phys. Chem. 2022, 73, 273—
297.

(373) Saito, S.; Higashi, M.; Fleming, G. R. Site-Dependent
Fluctuations Optimize Electronic Energy Transfer in the Fenna-
Matthews-Olson Protein. J. Phys. Chem. B 2019, 123, 9762—9772.

(374) Wang, H.; Song, X.; Chandler, D.; Miller, W. H. Semiclassical
Study of Electronically Nonadiabatic Dynamics in the Condensed-
Phase: Spin-Boson Problem with Debye Spectral Density. J. Chem.
Phys. 1999, 110, 4828—4840.

(375) Chen, H.-T.; Reichman, D. R. On the Accuracy of Surface
Hopping Dynamics in Condensed Phase Non-Adiabatic Problems. J.
Chem. Phys. 2016, 144, No. 094104.

(376) Liu, X; Liu, J. Path Integral Molecular Dynamics for Exact
Quantum Statistics of Multi-Electronic-State Systems. J. Chem. Phys.
2018, 148, No. 102319.

(377) Wang, H.; Liu, X; Liu, J. Accurate Calculation of Equilibrium
Reduced Density Matrix for the System-Bath Model: A Multilayer
Multiconfiguration Time-Dependent Hartree Approach and Its
Comparison to a Multi-Electronic-State Path Integral Molecular
Dynamics Approach. Chin. J. Chem. Phys. 2018, 31, 446—456.

(378) Yang, M. N.; Fleming, G. R. Influence of Phonons on Exciton
Transfer Dynamics: Comparison of the Redfield, Forster, and
Modified Redfield Equations. Chem. Phys. 2002, 275, 355—372.

3812

(379) Makri, N. The Linear Response Approximation and Its Lowest
Order Corrections: An Influence Functional Approach. J. Phys. Chem.
B 1999, 103, 2823—2829.

(380) Wang, H. Iterative Calculation of Energy Eigenstates
Employing the Multilayer Multiconfiguration Time-Dependent
Hartree Theory. J. Phys. Chem. A 2014, 118, 9253—9261.

(381) Craig, L. R; Thoss, M.; Wang, H. Proton Transfer Reactions
in Model Condensed-Phase Environments: Accurate Quantum
Dynamics Using the Multilayer Multiconfiguration Time-Dependent
Hartree Approach. J. Chem. Phys. 2007, 127, No. 144503.

(382) Walters, P. L.; Allen, T. C.; Makri, N. Direct Determination of
Discrete Harmonic Bath Parameters from Molecular Dynamics
Simulations. J. Comput. Chem. 2017, 38, 110—115.

(383) Duan, C; Wang, Q; Tang, Z; Wu, J. The Study of an
Extended Hierarchy Equation of Motion in the Spin-Boson Model:
The Cutoff Function of the Sub-Ohmic Spectral Density. J. Chem.
Phys. 2017, 147, No. 164112.

(384) Fenna, R. E.; Matthews, B. W. Chlorophyll Arrangement in a
Bacteriochlorophyll Protein from Chlorobium-Limicola. Nature 1975,
258, 573—577.

(385) Engel, G. S.; Calhoun, T. R; Read, E. L.; Ahn, T. K; Mancal,
T.; Cheng, Y. C.; Blankenship, R. E.; Fleming, G. R. Evidence for
Wavelike Energy Transfer through Quantum Coherence in Photo-
synthetic Systems. Nature 2007, 446, 782—786.

(386) Ishizaki, A.; Fleming, G. R. Theoretical Examination of
Quantum Coherence in a Photosynthetic System at Physiological
Temperature. Proc. Natl. Acad. Sci. U. S. A. 2009, 106, 17255—17260.

(387) Miller, W. H. Perspective: Quantum or Classical Coherence?
J. Chem. Phys. 2012, 136, No. 210901.

(388) Cao, J. S.; Cogdell, R. J.; Coker, D. F.; Duan, H. G.; Hauer, J;
Kleinekathofer, U.; Jansen, T. L. C.; Mancal, T.; Miller, R. J. D,;
Ogilvie, J. P.; et al. Quantum Biology Revisited. Sci. Adv. 2020, 6,
No. eaaz4888.

(389) Higgins, J. S.; Lloyd, L. T.; Sohail, S. H.; Allodi, M. A; Otto, J.
P.; Saer, R. G,; Wood, R. E,; Massey, S. C,; Ting, P. C.; Blankenship,
R. E,; et al. Photosynthesis Tunes Quantum-Mechanical Mixing of
Electronic and Vibrational States to Steer Exciton Energy Transfer.
Proc. Natl. Acad. Sci. U. S. A. 2021, 118, No. e2018240118.

(390) Chan, W.-L.; Berkelbach, T. C.; Provorse, M. R.; Monahan, N.
R.; Tritsch, J. R.;; Hybertsen, M. S.; Reichman, D. R.; Gao, J.; Zhu, X.-
Y. The Quantum Coherent Mechanism for Singlet Fission: Experi-
ment and Theory. Acc. Chem. Res. 2013, 46, 1321—1329.

(391) Hoffmann, N. M.; Schafer, C.; Rubio, A.; Kelly, A.; Appel, H.
Capturing Vacuum Fluctuations and Photon Correlations in Cavity
Quantum Electrodynamics with Multitrajectory Ehrenfest Dynamics.
Phys. Rev. A 2019, 99, No. 063819.

(392) Hoffmann, N. M.; Schifer, C.; Sikkinen, N.; Rubio, A.; Appel,
H.; Kelly, A. Benchmarking Semiclassical and Perturbative Methods
for Real-Time Simulations of Cavity-Bound Emission and Interfer-
ence. J. Chem. Phys. 2019, 151, No. 244113.

(393) Schifer, C.; Ruggenthaler, M.; Appel, H.; Rubio, A.
Modification of Excitation and Charge Transfer in Cavity
Quantum-Electrodynamical Chemistry. Proc. Natl. Acad. Sci. U. S. A.
2019, 116, 4883—4892.

(394) Flick, J.; Schifer, C.; Ruggenthaler, M.; Appel, H.; Rubio, A.
Ab Initio Optimized Effective Potentials for Real Molecules in Optical
Cavities: Photon Contributions to the Molecular Ground State. ACS
Photonics 2018, S, 992—1005.

(395) De Bernardis, D.; Pilar, P.; Jaako, T.; De Liberato, S.; Rabl, P.
Breakdown of Gauge Invariance in Ultrastrong-Coupling Cavity Qed.
Phys. Rev. A 2018, 98, No. 053819.

(396) Flick, J.; Ruggenthaler, M.; Appel, H,; Rubio, A. Atoms and
Molecules in Cavities, from Weak to Strong Coupling in Quantum-
Electrodynamics (QED) Chemistry. Proc. Natl. Acad. Sci. U. S. A.
2017, 114, 3026—3034.

(397) Flick, J.; Appel, H.; Ruggenthaler, M.; Rubio, A. Cavity Born-
Oppenheimer Approximation for Correlated Electron-Nuclear-
Photon Systems. J. Chem. Theory Comput. 2017, 13, 1616—1625.

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1063/1.467253
https://doi.org/10.1063/1.467253
https://doi.org/10.1080/00268970500418182
https://doi.org/10.1080/00268970500418182
https://doi.org/10.1080/00268970500418182
https://doi.org/10.1080/00268970500418182
http://mctdh.uni-hd.de
http://mctdh.uni-hd.de
https://doi.org/10.3390/molecules26061743
https://doi.org/10.3390/molecules26061743
https://doi.org/10.1063/1.462100
https://doi.org/10.1063/1.462100
https://doi.org/10.1063/1.462100
https://doi.org/10.1103/RevModPhys.59.1
https://doi.org/10.1103/PhysRevE.90.012148
https://doi.org/10.1103/PhysRevE.90.012148
https://doi.org/10.1016/j.cpc.2023.108895
https://doi.org/10.1016/j.cpc.2023.108895
https://doi.org/10.1016/j.cpc.2023.108895
https://doi.org/10.1103/PhysRevLett.94.070604
https://doi.org/10.1103/PhysRevLett.94.070604
https://doi.org/10.1103/PhysRevLett.94.070604
https://doi.org/10.1063/1.5085871
https://doi.org/10.1063/1.5085871
https://doi.org/10.1063/1.5085871
https://doi.org/10.3390/e22101099
https://doi.org/10.3390/e22101099
https://doi.org/10.3390/e22101099
https://doi.org/10.1146/annurev-physchem-082620-021302
https://doi.org/10.1146/annurev-physchem-082620-021302
https://doi.org/10.1021/acs.jpcb.9b07456?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.9b07456?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpcb.9b07456?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.478388
https://doi.org/10.1063/1.478388
https://doi.org/10.1063/1.478388
https://doi.org/10.1063/1.4942867
https://doi.org/10.1063/1.4942867
https://doi.org/10.1063/1.5005059
https://doi.org/10.1063/1.5005059
https://doi.org/10.1063/1674-0068/31/cjcp1805122
https://doi.org/10.1063/1674-0068/31/cjcp1805122
https://doi.org/10.1063/1674-0068/31/cjcp1805122
https://doi.org/10.1063/1674-0068/31/cjcp1805122
https://doi.org/10.1063/1674-0068/31/cjcp1805122
https://doi.org/10.1016/S0301-0104(01)00540-7
https://doi.org/10.1016/S0301-0104(01)00540-7
https://doi.org/10.1016/S0301-0104(01)00540-7
https://doi.org/10.1021/jp9847540?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp9847540?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp503351t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp503351t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/jp503351t?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.2772265
https://doi.org/10.1063/1.2772265
https://doi.org/10.1063/1.2772265
https://doi.org/10.1063/1.2772265
https://doi.org/10.1002/jcc.24527
https://doi.org/10.1002/jcc.24527
https://doi.org/10.1002/jcc.24527
https://doi.org/10.1063/1.4997669
https://doi.org/10.1063/1.4997669
https://doi.org/10.1063/1.4997669
https://doi.org/10.1038/258573a0
https://doi.org/10.1038/258573a0
https://doi.org/10.1038/nature05678
https://doi.org/10.1038/nature05678
https://doi.org/10.1038/nature05678
https://doi.org/10.1073/pnas.0908989106
https://doi.org/10.1073/pnas.0908989106
https://doi.org/10.1073/pnas.0908989106
https://doi.org/10.1063/1.4727849
https://doi.org/10.1126/sciadv.aaz4888
https://doi.org/10.1073/pnas.2018240118
https://doi.org/10.1073/pnas.2018240118
https://doi.org/10.1021/ar300286s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/ar300286s?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.99.063819
https://doi.org/10.1103/PhysRevA.99.063819
https://doi.org/10.1063/1.5128076
https://doi.org/10.1063/1.5128076
https://doi.org/10.1063/1.5128076
https://doi.org/10.1073/pnas.1814178116
https://doi.org/10.1073/pnas.1814178116
https://doi.org/10.1021/acsphotonics.7b01279?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acsphotonics.7b01279?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.98.053819
https://doi.org/10.1073/pnas.1615509114
https://doi.org/10.1073/pnas.1615509114
https://doi.org/10.1073/pnas.1615509114
https://doi.org/10.1021/acs.jctc.6b01126?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b01126?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b01126?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

EVE

pubs.acs.org/JCTC

(398) Pellegrini, C.; Flick, J.; Tokatly, I. V.; Appel, H.; Rubio, A.
Optimized Effective Potential for Quantum Electrodynamical Time-
Dependent Density Functional Theory. Phys. Rev. Lett. 2015, 118,
No. 093001.

(399) Flick, J.; Ruggenthaler, M.; Appel, H.; Rubio, A. Kohn-Sham
Approach to Quantum Electrodynamical Density-Functional Theory:
Exact Time-Dependent Effective Potentials in Real Space. Proc. Natl.
Acad. Sci. U. S. A. 2018, 112, 15285—15290.

(400) Tokatly, I. V. Time-Dependent Density Functional Theory for
Many-Electron Systems Interacting with Cavity Photons. Phys. Rev.
Lett. 2013, 110, No. 233001.

(401) Meystre, P. Elements of Quantum Optics; Springer: Berlin,
2007.

(402) Li, T. E; Subotnik, J. E.; Nitzan, A. Cavity Molecular
Dynamics Simulations of Liquid Water under Vibrational Ultrastrong
Coupling. Proc. Natl. Acad. Sci. U. S. A. 2020, 117, 18324—18331.

(403) Li, T. E.; Chen, H. T.; Subotnik, J. E. Comparison of Different
Classical, Semiclassical, and Quantum Treatments of Light-Matter
Interactions: Understanding Energy Conservation. J. Chem. Theory
Comput. 2019, 15, 1957—-1973.

(404) Li, T. E; Chen, H. T, Nitzan, A; Subotnik, J. E.
Understanding the Nature of Mean-Field Semiclassical Light-Matter
Dynamics: An Investigation of Energy Transfer, Electron-Electron
Correlations, External Driving, and Long-Time Detailed Balance.
Phys. Rev. A 2019, 100, No. 062509.

(405) Chen, H. T.; Li, T. E;; Nitzan, A.; Subotnik, J. E. Predictive
Semiclassical Model for Coherent and Incoherent Emission in the
Strong Field Regime: The Mollow Triplet Revisited. J. Phys. Chem.
Lett. 2019, 10, 1331—-1336.

(406) Chen, H.-T.; Li, T. E.; Sukharev, M.; Nitzan, A.; Subotnik, J.
E. Ehrenfest+R Dynamics. I. A Mixed Quantum-Classical Electro-
dynamics Simulation of Spontaneous Emission. J. Chem. Phys. 2019,
150, No. 044102.

(407) Schafer, C.; Ruggenthaler, M.; Rubio, A. Ab Initio
Nonrelativistic Quantum Electrodynamics: Bridging Quantum
Chemistry and Quantum Optics from Weak to Strong Coupling.
Phys. Rev. A 2018, 98, No. 043801.

(408) Li, T. E; Nitzan, A.; Sukharev, M.; Martinez, T.; Chen, H. T ;
Subotnik, J. E. Mixed Quantum-Classical Electrodynamics: Under-
standing Spontaneous Decay and Zero-Point Energy. Phys. Rev. A
2018, 97, No. 03210S.

(409) Li, T. E,; Chen, H. T.; Nitzan, A.; Sukharev, M.; Subotnik, J.
E. A Necessary Trade-Off for Semiclassical Electrodynamics: Accurate
Short-Range Coulomb Interactions Versus the Enforcement of
Causality? J. Phys. Chem. Lett. 2018, 9, 5955—5961.

(410) Buzek, V.; Drobny, G.; Kim, E. G.; Havukainen, M.; Knight, P.
L. Numerical Simulations of Atomic Decay in Cavities and Material
Media. Phys. Rev. A 1999, 60, 582—592.

(411) Su, Q; Eberly, J. H. Model Atom for Multiphoton Physics.
Phys. Rev. A 1991, 44, 5997—6008.

(412) Li, W.; Ren, J.; Shuai, Z. Finite-Temperature TD-DMRG for
the Carrier Mobility of Organic Semiconductors. J. Phys. Chem. Lett.
2020, 11, 4930—4936.

(413) Marcus, R. A. Electron Transfer Reactions in Chemistry
Theory and Experiment. J. Elec. Chem. 1997, 438, 251-259.

(414) Marcus, R. A. Electron-Transfer Reactions in Chemistry -
Theory and Experiment. Rev. Mod. Phys. 1993, 65, 599—610.

(415) Marcus, R. A. On the Theory of Electron-Transfer Reactions.
VL. Unified Treatment for Homogeneous and Electrode Reactions. J.
Chem. Phys. 1965, 43, 679—701.

(416) Snyder, . W.; Hohenstein, E. G.; Luehr, N.; Martinez, T.J. An
Atomic Orbital-Based Formulation of Analytical Gradients and
Nonadiabatic Coupling Vector Elements for the State-Averaged
Complete Active Space Self-Consistent Field Method on Graphical
Processing Units. J. Chem. Phys. 2015, 143, No. 154107.

(417) Wang, Z. K; Wu, C. Y; Liu, W. J. NAC-TDDFT: Time-
Dependent Density Functional Theory for Nonadiabatic Couplings.
Acc. Chem. Res. 2021, 54, 3288—3297.

3813

(418) Calio, P. B; Truhlar, D. G.; Gagliardi, L. Nonadiabatic
Molecular Dynamics by Multiconfiguration Pair-Density Functional
Theory. J. Chem. Theory Comput. 2022, 18, 614—622.

(419) Ly, Y. Y,; Gao, J. L. Multistate Density Functional Theory of
Excited States. J. Phys. Chem. Lett. 2022, 13, 7762—7769.

(420) Hennefarth, M. R;; Truhlar, D. G.; Gagliardi, L. Semiclassical
Nonadiabatic Molecular Dynamics Using Linearized Pair-Density
Functional Theory. J. Chem. Theory Comput. 2024, 20, 8741—8748.

(421) Lischka, H; Dallos, M.; Szalay, P. G.; Yarkony, D. R; Shepard,
R. Analytic Evaluation of Nonadiabatic Coupling Terms at the MR-CI
Level. I. Formalism. J. Chem. Phys. 2004, 120, 7322—7329.

(422) Park, J. W.; Shiozaki, T. Analytical Derivative Coupling for
Multistate CASPT2 Theory. J. Chem. Theory Comput. 2017, 13,
2561-2570.

(423) Galvan, L. F.; Delcey, M. G.; Pedersen, T. B,; Aquilante, F.;
Lindh, R. Analytical State-Average Complete-Active-Space Self-
Consistent Field Nonadiabatic Coupling Vectors: Implementation
with Density-Fitted Two-Electron Integrals and Application to
Conical Intersections. J. Chem. Theory Comput. 2016, 12, 3636—3653.

(424) Coe, J. P. Analytic Non-Adiabatic Couplings for Selected
Configuration Interaction Via Approximate Degenerate Coupled
Perturbed Hartree-Fock. J. Chem. Theory Comput. 2023, 19, 8053—
8065.

(425) Tajti, A.; Szalay, P. G. Analytic Evaluation of the Nonadiabatic
Coupling Vector between Excited States Using Equation-of-Motion
Coupled-Cluster Theory. J. Chem. Phys. 2009, 131, No. 124104.

(426) Shu, Y,; Zhang, L.; Chen, X; Sun, S.; Huang, Y.; Truhlar, D.
G. Nonadiabatic Dynamics Algorithms with Only Potential Energies
and Gradients: Curvature-Driven Coherent Switching with Decay of
Mixing and Curvature-Driven Trajectory Surface Hopping. J. Chem.
Theory Comput. 2022, 18, 1320—1328.

(427) Shu, Y.; Truhlar, D. G. Generalized Semiclassical Ehrenfest
Method: A Route to Wave Function-Free Photochemistry and
Nonadiabatic Dynamics with Only Potential Energies and Gradients.
J. Chem. Theory Comput. 2024, 20, 4396—4426.

(428) Dral, P. O.; Barbatti, M.; Thiel, W. Nonadiabatic Excited-State
Dynamics with Machine Learning. J. Phys. Chem. Lett. 2018, 9, S660—
5663.

(429) Akimov, A. V. Extending the Time Scales of Nonadiabatic
Molecular Dynamics Via Machine Learning in the Time Domain. J.
Phys. Chem. Lett. 2021, 12, 12119—12128.

(430) Li, J. B.; Lopez, S. A. A Look inside the Black Box of Machine
Learning Photodynamics Simulations. Acc. Chem. Res. 2022, SS,
1972—-1984.

(431) Li, J. B; Lopez, S. A. Machine Learning Accelerated
Photodynamics Simulations. Chem. Phys. Rev. 2023, 4, No. 031309.

(432) Chen, W. K; Liu, X. Y,; Fang, W. H,; Dral, P. O.; Cui, G. L.
Deep Learning for Nonadiabatic Excited-State Dynamics. J. Phys.
Chem. Lett. 2018, 9, 6702—6708.

(433) Wang, S. R; Fang, Q.; Liu, X. Y,; Fang, W. H.; Cui, G. L.
Machine Learning Accelerated Nonadiabatic Dynamics Simulations of
Materials with Excitonic Effects. J. Chem. Phys. 202§, 162,
No. 024108S.

(434) He, X;; Lu, H; Liu, J. (to be submitted).

https://doi.org/10.1021/acs.jctc.5c00181
J. Chem. Theory Comput. 2025, 21, 3775-3813


https://doi.org/10.1103/PhysRevLett.115.093001
https://doi.org/10.1103/PhysRevLett.115.093001
https://doi.org/10.1073/pnas.1518224112
https://doi.org/10.1073/pnas.1518224112
https://doi.org/10.1073/pnas.1518224112
https://doi.org/10.1103/PhysRevLett.110.233001
https://doi.org/10.1103/PhysRevLett.110.233001
https://doi.org/10.1073/pnas.2009272117
https://doi.org/10.1073/pnas.2009272117
https://doi.org/10.1073/pnas.2009272117
https://doi.org/10.1021/acs.jctc.8b01232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b01232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.8b01232?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.100.062509
https://doi.org/10.1103/PhysRevA.100.062509
https://doi.org/10.1103/PhysRevA.100.062509
https://doi.org/10.1021/acs.jpclett.9b00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.9b00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.5057365
https://doi.org/10.1063/1.5057365
https://doi.org/10.1103/PhysRevA.98.043801
https://doi.org/10.1103/PhysRevA.98.043801
https://doi.org/10.1103/PhysRevA.98.043801
https://doi.org/10.1103/PhysRevA.97.032105
https://doi.org/10.1103/PhysRevA.97.032105
https://doi.org/10.1021/acs.jpclett.8b02309?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.8b02309?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.8b02309?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1103/PhysRevA.60.582
https://doi.org/10.1103/PhysRevA.60.582
https://doi.org/10.1103/PhysRevA.44.5997
https://doi.org/10.1021/acs.jpclett.0c01072?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.0c01072?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1016/S0022-0728(97)00091-0
https://doi.org/10.1016/S0022-0728(97)00091-0
https://doi.org/10.1103/RevModPhys.65.599
https://doi.org/10.1103/RevModPhys.65.599
https://doi.org/10.1063/1.1696792
https://doi.org/10.1063/1.1696792
https://doi.org/10.1063/1.4932613
https://doi.org/10.1063/1.4932613
https://doi.org/10.1063/1.4932613
https://doi.org/10.1063/1.4932613
https://doi.org/10.1063/1.4932613
https://doi.org/10.1021/acs.accounts.1c00312?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.accounts.1c00312?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c01048?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c01048?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c01048?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c02088?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.2c02088?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c01061?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c01061?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c01061?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.1668615
https://doi.org/10.1063/1.1668615
https://doi.org/10.1021/acs.jctc.7b00018?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.7b00018?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00384?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00384?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00384?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.6b00384?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.3c00601?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.3c00601?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.3c00601?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/1.3232011
https://doi.org/10.1063/1.3232011
https://doi.org/10.1063/1.3232011
https://doi.org/10.1021/acs.jctc.1c01080?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c01080?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.1c01080?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00424?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00424?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jctc.4c00424?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.8b02469?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.8b02469?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c03823?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.jpclett.1c03823?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.accounts.2c00288?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1021/acs.accounts.2c00288?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0159247
https://doi.org/10.1063/5.0159247
https://doi.org/10.1021/acs.jpclett.8b03026?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://doi.org/10.1063/5.0248228
https://doi.org/10.1063/5.0248228
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00181?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

