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the electronic dynamics and spec-

troscopy of complex molecular sys-
tems. Traditionally, obtaining ob-

servables averaged over static disor-

der requires thousands of realiza-
MPS sampling: single-shot with auxiliary DoFs
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tions via direct sampling of the dis-
order distribution, leading to high
computational costs. In this work,
we extend the auxiliary degree-of-
freedom based matrix product state (MPS) method to handle system-bath correlated thermal
equilibrium initial states, which can capture static disorder effects using a one-shot quantum
dynamical simulation. We validate the effectiveness of the extended method by computing
the dipole—dipole time correlation function of the Holstein model relevant to the emission
spectrum of molecular aggregates. Our results show that the one-shot method is very accu-
rate with only a moderate increase in MPS bond dimension, thereby significantly reducing
computational cost. Moreover, it enables the generation of a much larger number of samples
than the conventional direct sampling method at negligible additional cost, thus reducing sta-
tistical errors. This method provides a broadly useful tool for calculating equilibrium time cor-
relation functions in system-bath coupled models with static disorder.

Key words: Matrix product state, Static disorder, Quantum dynamics, Time correlation

function

I. INTRODUCTION

Static disorder, arising from defects, structural fluc-
tuations, or packing imperfections, can have a pro-
found influence on electronic dynamics and spec-
troscopy in molecular aggregates and materials, such as
charge and exciton migration, transport, and relax-
ation processes [1-10]. In theoretical modeling, static
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disorder is typically represented by distributions in lo-
cal site energies or electronic couplings, often assumed
to follow a Gaussian distribution [3, 11-14] or other dis-
tributions, such as Lorentzian and Lévy distributions
[15, 16]. To calculate observables averaged over static
disorder, one typically sample a large number of disor-
der realizations and perform independent simulations
for each. When each realization involves computational-
ly intensive simulations, such as full quantum dynam-
ics, the overall cost becomes prohibitively high, even
though these simulations are perfectly parallelizable.

To address this challenge, in 2021, Gelin et al. pro-
posed an auxiliary degree-of-freedom (DoF) approach
that incorporates static disorder into a single quantum
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dynamical simulation [17], thereby eliminating the need
for averaging over thousands of realizations. When com-
bined with efficient time-dependent matrix product
state (MPS) algorithms [18], this method has been suc-
cessfully applied to simulate static disorder effects in
charge transfer dynamics within the Holstein-Peierls
model [17], and energy transport in the eight-site Fenna-
Matthews-Olson model [19]. However, the original aux-
iliary-DoF-based approach cannot handle system-bath
correlated initial state at thermal equilibrium, which
depends on the static disorder itself. Such a correlated
equilibrium state are crucial for calculating equilibrium
time correlation functions and dynamical response
properties in system-bath coupled systems [20].

To overcome this limitation, in this work, we pro-
pose a new MPS-sampling algorithm that extends the
auxiliary-DoF method to handle static-disorder-depen-
dent thermal equilibrium initial states. We demon-
strate the validity of our approach by calculating the
dipole—dipole time correlation function of the Holstein
model under varying disorder strengths and system
sizes. Our method achieves comparable accuracy to the
standard direct sampling approach, but with only a one-
shot simulation, leading to significant savings in compu-
tational cost.

The remainder of this paper is organized as follows.
Section II presents the detailed algorithm. Section III
provides numerical examples comparing our MPS-sam-
pling approach with the traditional direct sampling ap-
proach. Finally, conclusions are summarized in Section

Iv.

Il. METHOD

A. Static disorder

We focus on the calculation of quantum two-time
correlation functions (TCFs) (A(t) B). This quantity re-
duces to the time-dependent expectation value of a sin-
gle observable (A(t)) when B = I, and it can be natu-
rally generalized to multi-time correlation functions.

In the presence of static disorder, the TCF becomes
(A()B) = /(A(S,t)B(S»P(S)d& (1)

For a pure initial state,

)

(A(s,0)B(s)) = (t(s,0)|e"T O A(s)e = <S>tB<s>¢<s7f(J>)
2
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For a thermal equilibrium initial state,

e_ﬁﬁ(s)

PH(S)E f (N a—iH(8)E P
76) e A(s)e B(s)| .

(3)

S= {51, 59, } represents the parameters characterizing

(A(s,t)B(s)) = Tr

static disorder (e.g., fluctuation in site energies), and
p(s) is their probability distribution, satisfying p(s) >0
and [ p(s)ds=1. The Hamiltonian H, the observables
A and B, and the initial state all depend on s in gener-
al.

The standard approach to calculate Eq.(1) is
through Monte Carlo sampling of s according to p(s).

N, samp

! A tBe) @)

Nsamp =1

(A(t)B) ~

We refer to this as the direct sampling method. It re-
quires a large number of independent quantum dynam-
ics simulations, leading to high computational cost. The
statistical error in this method scales as 1/\/Nsamp,

where Ngamp is the number of samples.

B. Auxiliary-DoF-based method with static-disorder-inde-

pendent initial states

To reduce the high computational cost of direct sam-
pling, Gelin et al. proposed a novel algorithm in which
auxiliary DoF's, s, were introduced into the quantum
system [17]. The wavefunction of the auxiliary DoFs,
x(8), is chosen such that x*(s)x(s)=p(s), allowing the
effect of disorder to be encoded into a single simulation.

In the original formulation, p(s) was assumed to be

Gaussian,

p(s) = HP(Si) (5)

1 —s; o
/)(SZ) = ﬁe i?/(20%) (6)

Thus, x(s) is naturally the ground state wavefunction

of harmonic oscillators, which is

X(s) = H xo(si) (7)

wls) = (£) et

™

To satisfy |xo(s;)|>=p(s;), the frequency of the oscilla-
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tor is chosen as w=1/(20?).

In this work, we generalize this formulation to arbi-
trary static disorder distributions by working in the “co-
ordinate space” rather than the bosonic Fock space used
in the original method. We define the auxiliary wave-
function as

|m:/@¢mm» (9)

Accordingly, the static disorder related parameters in
the Hamiltonian becomes operators of the auxiliary
DoFs, which behave like coordinate operators and full-
fills

8i|si) = silsi)- (10)

For example, to describe the static energetic disorder of
local electronic state,

H(s) = (e0+ 5i)|o) (¢4l si ~ pi(si) (11)

)

— HE) =) (0 +3:)|¢0) (¢il- (12)

)

If the initial state is independent of static disorder, i.e.,
¥(s,0)=1(0), Eq.(1) can be simplified to

(A(t)B) = (x|(¥(0)| A8, ) B(8)[%(0))x) (13)
X) = H Ixa) (14)

With this auxiliary-DoF-based method, only one single
quantum dynamics simulation from the initial state
|[¥(0))=[v(0))]x) is needed to obtain the static-disor-
der-averaged quantity, with the trade-off being the in-
clusion of additional auxiliary DoF's, which enlarge the
Hilbert space.

In practice, the continuous variables § must be dis-
cretized. This can be done using either a harmonic oscil-
lator basis (as in Refs. [17, 19]) or a discrete variable
representation (DVR) [21, 22], as employed in this
work. With a sufficiently large basis size, the results
converge to the continuum limit. The auxiliary-DoF-
based method can be effectively combined with time-de-
pendent algorithms based on tensor network states,
such as time-dependent density matrix renormalization
group (TD-DMRG) [23-30] or multilayer multi-configu-
(ML-MCTDH)
[31-35]. The additional computational cost due to auxil-

rational  time-dependent Hartree

iary DoF's is usually expected to be negligible. Here, we

DOI: 10.1063/1674-0068 /cjcp2506080

Zhao Zhang et al.

discuss qualitatively when this expectation is reason-
able. In the auxiliary-DoF-based method, the overall
time-evolved wavefunction ¥(t) is actually a linear

combination of all the wavefunctions, each with specif-
ic static disorder s weighted by 1/ p(s)

ww=/¢¢ww&mm (15)

(s, t) = e )y (0) (16)

If the individual wavefunctions [i¢(s,t)) are similar
across s, then the combined wavefunction can be effi-
ciently compressed by tensor network algorithms. This
condition holds when the static disorder is moderate,
and thus the disorder does not significantly alter the
wavefunction.

It should be noted that the above method is not lim-
ited to static disorder of local energy, it can be directly
used to handle other types of static disorders, such as
that of excitonic coupling terms,

H(s) = (J5i+sij)6:) (6],

5]

sij ~ pij(siz) (17)

— H(8) =Y () + 8ij)1i) (@51, (18)

ij
where s;; represents the static disorder of excitonic cou-
pling between state ¢ and state j. Moreover, this
method can handle a broad range of system-bath inter-
actions, provided the interaction can be expressed in a

sum-of-products form Z)\ZSz ®Ei, which is always

fulfilled for model Hamilltonians. This flexibility arises
because the underlying TD-DMRG method treats the
full system-bath composite as a closed quantum system,
rather than relying on reduced dynamics approaches
that often assume specific forms of interaction, such as
linear system-bath interactions.

Despite its advantage, this method is limited to stat-
ic-disorder-independent initial states. For thermal cor-
relation functions starting from a system-bath correlat-
ed equilibrium state (Eq.(3)), the initial state depends
on s itself. To overcome this limitation, we have devel-
oped a new
method.

auxiliary-DoF-based MPS-sampling

C. Auxiliary-DoF-based MPS-sampling method for static-

disorder-dependent thermal equilibrium initial states

We now describe how to extend the auxiliary-DoF

© 2025 Chinese Physical Society
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approach to thermal equilibrium initial states that de-
pend on static disorder, using the purification method
in combination with sampling MPS.

In the purification method, an auxiliary space @ is
introduced (distinct from the auxiliary DoF's represent-
ing disorder). This allows the mixed thermal state in the
physical space P to be represented as a pure state |t))
in the enlarged space P ® Q, satisfying pp=Trg|v) (Y|
[36, 37].

At an infinitely high temperature (f=0), the puri-
fied thermal state [1)g—g) is trivially known,

[v8=0) Z %|01010202 «onoN),  (19)
0'0' o=0
fulfilling peq(B = 0) = Trg|p—o) (Yg—o| = 1/dV,

where d is the dimension of the local Hilbert space of
one DoF, and N is the number of physical DoFs. The
state \1/15:0
imum bond dimension M =d (or as a matrix product
operator with M =1) [28]. The thermal state at a finite
temperature is then obtained via imaginary-time evolu-
tion from 7=0 to 7=4/2.

) can be represented as an MPS with a max-

e BH/2|y5_0)

= = (20)
\/<¢ﬂ=0|e_ﬁH/2€_ﬁH/2|1/)ﬁ:0>

lvg) =

The desired TCF is obtained from subsequent real-

time evolution.

W,B:o|efﬁﬁ/2A(t)Bef’BH/2|¢5:0>

A(t)B) = . . 21

s (Yp—ole=PH/2e=BH/2|y5_0) 2y

With static disorder, Eq.(21) becomes

(A(t)B) =

( ‘<¢6 ole PHO2 A5, 1) B(g)e PHEI/2|y5_ 0>| >

! (p=ole™PHE 26=BHE)/2|y5_0) !
(22)

This cannot be evaluated simply by evolving
[v8—0) ®|x), which would yield an incorrect result.

£)B(E)ePEO/2)y5_0)|x)
(8)/2e=BHE) 219p5-0)1x)

(x|(¥p=ple™ BH(E)/2 f‘i(
(x|(1hg=o|e=PH®)

# (A(t)B)
(23)

To address this, we calculate three intermediate
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Common Part

Sampling

FIG. 1 Contraction diagram of (Vr,(sx)|A(sk)|¥Rr(sk)) us-
ing matrix product states (MPS) and matrix product oper-
ator (MPO). The blue part represents the degrees of free-
dom shared across all samples s; and can be reused. The
red and green part correspond to the auxiliary degrees of
freedom associated with static disorder, which are sam-
pled to generate s;,. The calculation of (Wg(sy)|¥a(sy)) fol-
lows a similar contraction structure.

states, each of which is represented as an MPS,

Wg) = e PHO2 150 x) (24)
W) = e HO g, (25)
W) = e HOB(8)|wy) (26)

Then, according to the discretized distribution function
p(s), we sample a set of configurations sj. For each sy,
we extract: [Wg(sg)), |¥r(sk)), [VRr(sg)) and A(sy).
Eq.(22) is then computed as:

1 Uy (s1.) | A(sg) |V R(sK))
Ws(sk)Vs(sk))

(A(H)B) = (27)

Nsamp Sh <

We call this the auxiliary-DoF-based MPS-sampling
method. Each term of Eq.(27) can be computed via effi-
cient tensor contractions. Since for different sg,, the con-
traction is largely the same except for the sites corre-
sponding to static disorder, intermediate contractions
can be cached and reused at each time step (as illustrat-
ed in FIG. 1). In addition, the denominator (partition
function) is time-independent and thus computed only
once.

Although this method involves sampling, it differs
from direct sampling. All sampled terms are extracted
from a single time-evolved MPS that includes auxiliary
DoF's, rather than from many independent simulations.
This can significantly reduce computational cost. As in
the previous subsection, the effectiveness of the method
depends on the similarity of wavefunctions for different
si.. Encouragingly, in our numerical tests, the MPS rep-
resentation remains efficient when the disorder strength
is not excessively large.

© 2025 Chinese Physical Society
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lll. RESULTS AND DISCUSSION

We benchmark the auxiliary-DoF-based MPS-sam-
pling method by calculating the dipole—dipole time cor-
relation function, (fi(t)/), for the emission spectrum of

a one-dimensional Holstein model with static disorder

H=> (c0+5i) i) (il + Z J(|6i)(biv1] + |@it1)(il) + Zgw(b} + bi)|di)(di] + ZWbIbi

7

Here, the disorder of site energy s; is assumed to follow
a Gaussian distribution s; ~ N (0, 02). The parameters
are: vibrational frequency w=1400cm™!, electron-vi-
bration coupling constant g=1, excitonic coupling
J=—100meV, monomer transition dipole moment
pu=1, and temperature T'=300 K. The number of har-
monic oscillator basis functions per mode is 7, and time
evolution is performed with a 1 fs timestep. The num-
ber of electronic states is denoted as Ny,q1. All simula-
tions are performed by the Renormalizer package [41].
In practical calculations of Eq.(27) at each time step,
the MPS sites corresponding to the electronic DoFs and
the vibrational modes can be reused during MPS-sam-
pling (shown in blue in FIG. 1), while only the auxiliary
sites representing the static disorder s; (shown in red
and green) need to be sampled.

First, we compare two types of DVR basis for the
auxiliary DoFs: the simple harmonic oscillator DVR
(SHODVR) and sine DVR (SineDVR) [35]. SHODVR is
expected to have the same accuracy as the bosonic Fock
basis used in prior work [17, 19], since only a linear term
of s is present in the effective Hamiltonian. The num-
ber of DVR basis functions is denoted as Ny,. Static dis-
order is continuous and ideally requires an infinite basis
set, but in practice, we constrain the SineDVR grids to
the range [—L¢, Lc] with L,=50, introducing negligi-
ble truncation error (5.74x10~7). For SHODVR, the
oscillator frequency is set to w=1/(202), aligning the
ground-state density with the static disorder distribu-
tion. The SineDVR grid points are uniformly spaced:

. 2L
spineDVR — T+ k. ——"— while SHODVR grid points
Ny+1

are defined via the roots of Hermite polynomial func-
tions: SEHODVR =V20-root,(Hp, (3)).

FIG. 2 compares TCFs for a dimer (Ny,=2) at
o =50 and 100 meV, using SHODVR and SineDVR. As
expected, both DVRs converge with increasing Ny,. The
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at a finite temperature. The Holstein model is widely
used to describe excited-state dynamics and spec-
troscopy in molecular aggregates and materials [3,
38-40]. The Hamiltonian including diagonal static dis-
order is

(28)

static-disorder-averaged TCF decays due to destruc-
tive interference across different disorder configura-
tions si. However, with finite basis size, artificial
Poincaré recurrences emerge. Since recurrence time is
inversely related to grid spacing, finer grids delay this
artifact. SineDVR, outperforms SHODVR, showing lat-
er and weaker recurrences with the same grid size, be-
cause the SHODVR grid is overly sparse due to the
wide spread of basis functions with w=1/(202). There-
fore, it is preferred to use SineDVR to make the basis
size as small as possible for reducing computational

cost. In addition, the uniform spacing of SineDVR,

2L

As= m, enables estimating the recurrence time

7r
as TQE, which agrees well with numerically ob-

served values (vertical dashed lines in FIG. 2(c, d)).
This predictive capability offers a practical advantage
that the size of N}, can be appropriately chosen accord-
ing to the required TCF time range. Because of these
advantages, SineDVR is recommended for discretizing
the auxiliary DoF and is used in all subsequent simula-
tions.

The next key question is whether the auxiliary DoF's
significantly increase the MPS bond dimension M, or in
other words, whether the total wavefunction ¥(¢) in
Eq.(15) is efficiently compressible. The computational
cost of TD-DMRG with the projector-splitting time
evolution algorithm scales as O(M™) with n~2—3 [42,
43]. If M becomes too large, it would offset the efficien-
cy gains of avoiding multiple independent realizations.
FIG. 3(a—c) show TCFs for three random disorder real-
izations of a 4-site Holstein model, at =50, 100, and
200 meV, respectively. In all cases, a bond dimension of
M =16 sulffices for convergence. FIG. 3(d—f) compare
the MPS-sampling method with the direct sampling
method (same number of samples, Ngamp=2Xx 104).

© 2025 Chinese Physical Society
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(a) 6=50 meV, SHODVR (b) 6=100 meV, SHODVR
Np=21 Ny =21
a Ny =41 a b=
S Ny =51 S Ny =51
0.
-1 —— | ]
0 50 100 150 200 250 0 50 100 150 200 250
t [fs] t [fs]
2 (¢) 6=50 meV, SineDVR | 2 (d) 6=100 meV, SineDVR |
Np=21 1 Mp=21 1 |
1 No=31 | 1 M=31 1
— Np=41 ! — Ny =41 ! }
S No=st ! S )
0 ——
1 1 I
1 1 1 I
1 1 1 I
-1 , : i -1 1 1|
0 50 100 150 200 250 0 50 100 150 200 250
¢ [fs] ¢ [fs]

FIG. 2 Real part of the time correlation function C(t)=(fi(t)j) for the emission spectrum of a 2-site Holstein model at
300 K with varying strengths of static disorder (following a Gaussian distribution A ~ (0, 02)) and two types of DVR grids,
computed using the MPS-sampling method (M =64, Ngmp=10°). (a) 0=50meV with SHODVR. (b) ¢=100meV with

SHODVR. (c) c=50meV with SineDVR. (d) c=100meV with SineDVR. Different colors represent different numbers of
2
DVR grid points N. The vertical dashed line indicates the approximate Poincaré recurrence time, T:Ai;’ for equally

spaced SineDVR grids.

3 (a) 5 = -55,-36,-39,13 meV 3 (b)s= -110,-73.-78,27 meV 3 (C) s =-221,-145,-156,53 meV
S o S0 So
-3 —dir&c{t :ap —di(lﬁc;s]a(:;lp -3 —dirz:[t :ﬂ‘;;lp —di(f&c;s]aglp -3 —dirzl‘clt :a;;lp —di({ac;rx]as[;lp
== direct samp ==direct samp == direct samp ==direct samp == direct samp ==direct samp
= (M =32) (M=8) (M =32) (M= 8) M=32)
0 50 100 150 0 50 100 150 0 50 100 150
t [fs] t [fs] t [fs]
3 ‘ = 3 3
:IJ::II:S samp("‘i‘; ; ;)) s MIPS samp (M = 4) s MIPS samp(M = 4)
2 MPS Samp(M =16 s MPS samp(M = 8) s MPS samp(M = 8)
- MPS “"‘P(M :32) 2 —— MPS samp(M = 16) 2 —— MPS samp(M = 16)
= 1 MM - —— MPS samp(M = 32) _ —— MPS samp(M = 32)
! = di tsamp(M = 16) = 14 = MPS samp(M = 64) =1 = MPS samp(M = 64)
QO 0 irect samp(M = 16) Q === direct samp(M = 16) O === direct samp(M = 16)
o @0=50mev (| (@ o= 100mev L o=200meV
0 50 100 150 0 50 100 150 0 20 40 60
t [fs] t [fs] t [fs]

FIG. 3 Real part of the time correlation function C(t)=(fi(¢t)j) for the emission spectrum of a 4-site Holstein model at
300 K with different bond dimensions M. (a—c) Results from direct sampling for a single realization with o=>50meV,
100meV, and 200meV, respectively. The static disorder values s; for each site are labeled in the figures. Different colors
represent different bond dimensions. (d—f) Results from the MPS-sampling method. The number of DVR grid points is
N, =21 for 6=50meV, and N=31 for c=100meV and 200meV. The black dashed lines indicate the reference results
from direct sampling. Both methods use Ngamp=2 X 10%.

The agreement validates the new method. For o=50 single realizations, and thus the overall cost reduction is

and 100meV, the required M =16 is similar to that of roughly proportional to Ngamp, since overhead in sam-
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0.05

C(t)
o
2
i
1

s MPS samp(M = 32, Ny
e MPS samp(M = 32, Ny
| = MPS samp(M =32, Nyumy

== dircct samp(M = 16, Nuamy = 2 % 10°

2 x 10%)
1 x10%
1 x10%

—0.05; 40 80 120
time [fs]

Zhao Zhang et al.

I time-evolution (b)
8{ M sampling

FIG. 4 Real part of the time correlation function C(t)=(i(¢)i) (a) and wall time (b) for computing the emission spec-
trum of a 4-site Holstein model at 300 K using the MPS-sampling method with varying sample sizes Ngamp. The static dis-
order strength is c=50meV, and the number of DVR grid points per auxiliary degree of freedom is N, =21. Wall time
measurements were performed over 10 time steps using 4 EPYC 7B13 CPU cores and 1 NVIDIA A100 GPU.

pling MPS is cheap due to efficient tensor contractions
(see data below). For 0=200meV, a larger bond di-
mension (M=64) is required due to greater variation
among wavefunctions corresponding to different disor-
der strengths. As the static disorder strength approach-
es the electronic bandwidth (approximately 320 meV
for the 4-site model with J=—-100meV), the system
undergoes a transition from delocalized to localized
states, a phenomenon known as Anderson localization
[44]. In this case, compressing both delocalized and lo-
calized wavefunctions into a single MPS, as in Eq.(15),
becomes inefficient. Therefore, the auxiliary-DoF-based
method is most effective when the disorder strength re-
mains smaller than the electronic bandwidth.

Since the MPS-sampling involves efficient tensor
contractions and benefits from the reuse of intermedi-
ates, it enables much larger sample sizes with minimal
overhead than the direct sampling approach to reduce
the statistical error. FIG. 4(a) shows reduced noise in
the TCF of 4-site model as Ngamp increases from 2 x 104
to 105. The noise increases with evolution time as ex-
pected, because at early time, trajectories correspond-
ing to different static disorder realizations remain close,
requiring fewer samples to capture the distribution ac-
curately. However, as time progresses, these trajecto-
ries diverge due to effects such as chaos, decoherence, or
thermalization, leading to increased statistical noise. To
compensate for this growing noise, it is better to gradu-
ally increase the sample size over time. FIG. 4(b) plots
the corresponding wall time for evolving 10 steps. Al-
though the sampling time (i.e., computing the numera-
tor and denominator of Eq.(27)) increases with sample
size, it remains a small fraction of the total cost com-
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FIG. 5 Wall time for computing the dipole-dipole time
correlation function of the Holstein model at 300 K using
the MPS-sampling method (yellow) and direct sampling
method (blue) for various system sizes N,,,. Parameters:
Niteps =10, 0=50meV, N,=21, and Nguyp=3000. Bond
dimensions used are: M =4 (direct sampling) and M =8
(MPS-sampling) for N, =2; M=16 for N,,=4; M =32
for Nyo1=8; and M =48 for N, =16.
pared to time evolution. As a result, the overall run-
time grows only modestly with increasing sample size.
FIG. 5 compares the wall time of direct sampling and
MPS-sampling methods across various system sizes, us-
ing Nsamp = 3000, a typical value for capturing static
disorder effects. The bond dimensions used in each con-
verged simulation are listed in the caption. The MPS-
sampling method achieves a speedup of about two or-
ders of magnitude, clearly demonstrating its computa-
tional advantage, especially as the system size increases.
Finally, we demonstrate that the proposed method is
not restricted to Gaussian static disorder, thanks to the
use of the DVR basis. As an example, we consider a
Lorentzian distribution, which has been used to investi-
gate localization under disorder [15]. The expression of

the Lorentzian distribution is as follows:

© 2025 Chinese Physical Society
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FIG. 6 (a) Comparison of Gaussian distribution with
o=50meV and Lorentzian distribution with
n=+v2In20~59meV, chosen to have the same half width
at half maximum, indicated by the vertical dashed line. (b)
Real part of the time correlation function for a 4-site Hol-
stein model with static disorder following a Lorentzian dis-
tribution (n~59meV) by the auxiliary degree-of-freedom
based MPS-sampling method. Different colors indicate dif-
ferent grid ranges: for L.=5n, grids number N, =21, bond
dimension M=16; for L.=10n, N,=43, M=32; for
Le.=15n, Ny,=31, M =150. The black dashed line shows
the reference result obtained by direct sampling with
Neamp=2x10%, M =32.

L m

p(si) = ;W» (29)
where 7 is the parameter to control the width of the dis-
tribution. Its heavy-tailed nature, shown in FIG. 6(a),
decays more slowly than the Gaussian, requiring a
wider DVR grid range to achieve comparable accuracy.
To this end, we use SineDVR grids with range cutoff
L.=5n,10n,15n, corresponding to truncation errors of
12.6%, 6.3% and 4.2%, respectively (much larger than
the Gaussian distribution). For fair comparison with
the Gaussian case (0=50 meV), we choose
n=+/2In20~59meV, so that both distributions share
the same half-width at half-maximum (HWHM).
FIG. 6(b) shows that the TCF converges toward the
reference result from direct sampling (Nsamp =2 X 104)
as the grid range increases. However, a wider grid also
leads to larger bond dimensions, since stronger disorder
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induces greater variation in wavefunctions, through de-
localization—localization transitions, making compres-
sion more difficult. Although discrepancies remain for
the L,=15n case, the main features of the TCF are well
captured. This example highlights that the method is
applicable beyond Gaussian disorder, but broader dis-
tributions (e.g., with larger variance or longer tails)
present increasing challenges for compression.

IV. CONCLUSION

In conclusion, we have developed an MPS-sampling
method that extends the auxiliary DoF approach to ef-
ficiently treat static-disorder-dependent thermal equi-
librium initial states in quantum dynamics simulations.
This extension enables the accurate computation of
equilibrium time correlation functions in disordered sys-
tems through a one-shot simulation, eliminating the
need for extensive ensemble averaging.

Our method captures the effects of static disorder
with only a moderate increase in the MPS bond dimen-
sion compared to conventional direct sampling. It is
particularly effective when the disorder strength is
smaller than the electronic bandwidth, as demonstrat-
ed in benchmarks using the Holstein model. Even for
stronger disorder approaching the bandwidth, the re-
quired bond dimension increases but remains tractable.
We also examined different DVR grid choices for dis-
cretizing the auxiliary DoF and found that the SineD-
VR offers superior convergence and lower recurrence ar-
tifacts compared to the harmonic oscillator DVR, mak-
ing it the preferred basis for practical simulations.

Overall, the MPS-sampling approach offers substan-
tial computational savings, achieving up to a two-order-
of-magnitude speedup over traditional methods that re-
quire thousands of independent realizations. Further-
more, it enables the efficient generation of very large
sample sizes (exceeding 10) with minimal additional
cost, significantly reducing statistical noise. These ad-
vantages make the method a powerful and scalable tool
for studying static disorder effects in complex quantum
systems.
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